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The finite-size renormalization-group approach for isotropic O(n)-symmetric systems introduced
previously [V. Dohm, Phys. Rev. Lett. 110, 107207 (2013)] is extended to weakly anisotropic
O(n)-symmetric systems. Our theory is formulated within the ϕ4 model with lattice anisotropy
in a d-dimensional block geometry with periodic boundary conditions. It describes the crossover
from low-temperature to high-temperature fluctuations including Goldstone-dominated and critical
fluctuations for 1 ≤ n ≤ ∞ in 2 < d < 4 dimensions. An exact representation is derived for the large-
distance behavior of the bulk correlation function of anisotropic systems in terms of the principal
correlation lengths and an anisotropy matrix A¯. This includes the long-ranged correlations with an
anisotropic algebraic decay at low temperatures due to the Goldstone modes for n > 1. We calculate
the finite-size scaling functions of the excess free energy and thermodynamic Casimir force. Exact
results are derived in the large-n limit. Applications are given for Ld−1‖ × L slab geometries with
a finite aspect ratio ρ = L/L‖ as well as for the film limit ρ → 0. For weakly anisotropic systems
two-scale-factor universality is replaced by multiparameter universality since the scaling functions
depend on d(d + 1)/2 − 1 nonuniversal anisotropy parameters, in addition to two nonuniversal
thermodynamic length scales. The latter depend also on the anisotropy parameters. This implies a
substantial reduction of the predictive power of bulk and finite-size theory for anisotropic systems as
compared to isotropic systems. The validity of multiparameter universality is confirmed analytically
for a nontrivial example of the d = 2, n = 1 universality class. Anisotropy-dependent minima of
the Casimir force scaling function are found below Tc for ρ ≪ 1. Both the sign and magnitude of
the Casimir amplitude in the Goldstone and critical regimes are affected by the lattice anisotropy.
Also a nonuniversal shift of the film critical temperature is shown to be caused by anisotropy in the
large-n limit. Quantitative predictions are made that can be tested by Monte Carlo simulations for
ϕ4 models and for spin models in the Ising, XY , and Heisenberg universality classes.
PACS numbers: 05.70.Jk, 64.60.an, 11.10.-z
I. INTRODUCTION AND SUMMARY
In the preceding paper [1] we have developed an analytic
theory of the crossover from low-temperature to high-
temperature fluctuations including critical fluctuations
in confined O(n)-symmetric systems in 2 < d < 4 di-
mensions with periodic boundary conditions (BC) and
short-range interactions. A brief account was given
in [2]. The cornerstone of this theory is the simulta-
neous description of two different types of long-range
fluctuations: critical fluctuations of the (d, n) univer-
sality class at a finite critical temperature Tc [3] and
classical fluctuations due to massless Goldstone modes
[4, 5] at low temperatures. Both types of fluctuations
exist in O(n)-symmetric systems undergoing a second-
order phase transition which opens up the opportunity of
studying the crossover between the two different types of
fluctuation-induced forces [6]: the critical Casimir force
FCas,c [7, 8] and the Casimir force FCas,G induced by
Goldstone fluctuations [9]. The theory was formulated
within the O(n)-symmetric ϕ4 model but owing to uni-
versality the results are applicable to a large class of
O(n)-symmetric systems. A restriction of this theory
[1, 2] was the assumption of spatial isotropy which is
a characteristic of fluids and superfluids.
In this paper we extend the theory to O(n)-symmetric
systems with weak spatial anisotropy which represent an
important class of systems with cooperative phenomena
such as superconductors and magnetic materials. These
phenomena can be described by spin models (e.g., Ising,
XY , or Heisenberg models) or by lattice and contin-
uum ϕ4 theories. The advantage of the latter is the
analytic tractability of lattice anisotropy for all n in
terms of a d × d symmetric anisotropy matrix A [10–
15] whereas anisotropic spin models are amenable to an
analytic treatment only in special cases [16–29], primar-
ily for d = 2 Ising models. Weakly anisotropic sys-
tems with a critical point constitute a subclass of sys-
tems that belong to the same (d, n) bulk universality
class as isotropic systems. Such anisotropic systems have
been shown [10–15, 23, 30, 31] to have finite-size scaling
functions and critical bulk amplitude relations and cor-
relation functions that differ from those of isotropic sys-
tems in that they depend on the matrix elements of A.
The latter represent parameters that depend on system-
dependent properties such as the lattice structure, cou-
pling constants, and correlation lengths of anisotropic
systems. According to the usual terminology [22, 32–34],
a quantity is nonuniversal if it depends on such system-
dependent parameters.
Due to spatial anisotropy there exists no unique bulk cor-
relation length but rather d different correlation lengths
in the directions of the d principal axes which, within the
ϕ4 theory, are determined by the nonuniversal eigenvec-
tors of A. Weakly anisotropic systems near criticality
still have a single correlation-length exponent ν which is
the same as for isotropic systems. We do not consider
2strongly anisotropic systems (see, e.g., [35–37]) with crit-
ical exponents different from those of the usual (d, n) uni-
versality classes, and we do not study phenomena that
may arise from the interplay between spatial and spin
anisotropy [38].
For anisotropic confined systems, nonuniversality man-
ifests itself by the fact that the principal correlation
lengths and principal directions are unrelated to the ori-
entation of the surfaces of the confining geometry. This
is a system-dependent physical source of nonuniversality
that one cannot get rid of by a formal transformation
to an isotropic system (Sec. II). An additional source of
nonuniversality may enter through spatial anisotropies
at the confining surfaces. So far the potential com-
plexity of nonuniversal finite-size effects due to the in-
terplay between confinement, surface orientation, and
weak anisotropy has remained unexplored in the liter-
ature on the Casimir force [8], on finite-size theory [39],
and on boundary critical phenomena [40]. In particular
no theory describing the crossover from weak to strong
anisotropy has been developed.
In a confined system with a characteristic size L, the fun-
damental quantity from which the Casimir force per unit
area FCas = −∂[Lf ex]/∂L can be derived is the excess
free energy density (divided by kBT ) f
ex = f − fb where
f and fb are the free energy densities of the confined and
the bulk system, respectively. In the early discussion on
the universality properties in finite systems near critical-
ity [22] the picture of ”two-scale-factor universality” was
put forward. As an extension of two-scale-factor univer-
sality for bulk systems [41–44], it was hypothesized that
the singular part fs of f can be described (for large L,
small t = (T − Tc)/Tc and small ordering field h = h eh
with a unit vector eh) by
fs(t, h, L) = L
−d F (C1tL
1/ν , C2hL
βδ/ν) (1.1)
with universal critical exponents ν, β, δ and the universal
scaling function F (x, y), where the two constants C1 and
C2 are universally related to the bulk constants A1 and
A2 of the singular bulk part
fb,s(t, h) = lim
L→∞
fs(t, h, L) = A1|t|dν W±(A2h|t|−βδ)
(1.2)
with the universal scaling function W±(z) above (+) and
below (−) Tc. The definition was made quite precise
in that it was stated by Privman and Fisher [22] that
the metric factors Cl and C2 are the only nonuniversal,
system-dependent parameters entering (1.1), and that no
further nonuniversal prefactor C0 is required. It was as-
serted that, for given geometry and BC, F (x, y) is ”the
same for all systems in a given universality class” [32].
Subsequently the same universality properties have been
attributed to the critical Casimir force [8, 23, 39, 45, 46].
It is the hallmark of two-scale-factor universality that the
critical Casimir force FCas,c at t = 0, h = 0 for large L is
predicted to have the simple size dependence
FCas,c = Xc L
−d (1.3)
without any nonuniversal factor, i.e., where the Casimir
amplitude Xc(d, n) is a universal number. It was noted
[22, 32, 47], however, that lattice anisotropy is a marginal
perturbation in the renormalization-group (RG) sense,
thus it was not obvious a priori to what extent two-scale-
factor universality is valid in the presence of anisotropic
couplings [32]. Correspondingly, no proof was given in
the literature for the validity of the universal form of
(1.3) for weakly anisotropic systems.
As far as the experimental observability of weak
anisotropy is concerned, it was claimed [37, 48, 49] that
critical Casimir forces are active only in isotropic fluids
where the ordering degrees of freedom can move in and
out of the system. This is in disagreement with the argu-
ments presented in [50, 51], that a Casimir force, in the
form of an electrical potential difference, appears at the
junction between an anisotropic high-Tc superconduct-
ing film and the bulk superconductor due to the transfer
of Cooper pairs from the film to the bulk. Quantita-
tive estimates indicated that this effect should be directly
measurable. Furthermore, it was argued in [50] that the
Casimir force in superconductors should be similar to
that observed in isotropic superfluid 4He [52]. This the-
ory based on vortex-loop fluctuations [50] did not suc-
ceed, however, in describing a finite Casimir force
FCas,G = X0L
−d (1.4)
in the Goldstone-dominated low temperature region, un-
like the experimental [52], theoretical [9, 53], and numer-
ical [54–56] findings of FCas,G well below the superfluid
transition of 4He and of XY and ϕ4 models. Essentially
the same result (1.3) for FCas,c was predicted [50] at
the superconducting phase transition as for the λ transi-
tion of 4He, without an effect of the lattice anisotropy
of the superconducting system. An earlier theory for
an anisotropic XY model was invoked [50] where lattice
anisotropy was claimed to be ”irrelevant” [27].
By contrast, it was found in analytical calculations [10–
13, 15, 23, 31] and Monte Carlo (MC) simulations [57–59]
that, although critical exponents are unchanged by weak
anisotropy, finite-size effects in the subclass of weakly
anisotropic systems must be distinguished from those in
the subclass of isotropic systems within the same uni-
versality class. The crucial distinguishing feature is the
absence of two-scale-factor universality [10–15, 31] in the
subclass of weakly anisotropic systems. It was shown
for several geometries and boundary conditions that the
nonuniversal anisotropy matrix A affects the finite-size
scaling properties of fs, of FCas,c, of the Binder cumu-
lant, of the susceptibility, of the correlation length, and
of the helicity modulus. In particular, as an exact result
in the large-n limit, it was found for film geometry with
periodic BC [10] that (1.3) is to be replaced by
FCas,c(A¯) = Xc(A¯)L
−d (1.5)
with an nonuniversal amplitude Xc(A¯) that depends on
the reduced anisotropy matrix A¯ = A/(detA)1/d. A
nonuniversal amplitude Xc(ξ⊥/ξ‖) was also found in the
exactly solvable mean-spherical [31] and Gaussian [15]
models in film geometry for several BC whereXc depends
on the ratio of the bulk correlation lengths ξ⊥ and ξ‖
perpendicular and parallel to the boundaries.
3A serious lack of knowledge remained, however, with re-
gard to a theory of finite-size effects in anisotropic O(n)
symmetric systems with finite 1 < n <∞ that covers the
region below Tc including the crossover to the Goldstone
regime. So far this was achieved in [2] only for isotropic
systems, as derived in detail in the preceding paper [1] in
terms of a crossover scaling function for fs.
The goal of this paper is to study the effect of anisotropy
in both the critical and low-temperature regions includ-
ing the Goldstone regime for n > 1 as well as on
the crossover from low to high temperatures for general
1 ≤ n ≤ ∞ in block, slab and film geometries with pe-
riodic BC. The predictions of our theory can be tested
by MC simulations for n-component ϕ4 lattice models
[56, 60] or Ising (n = 1), XY (n = 2), and Heisenberg
(n = 3) models. The concept of our theory should be
applicable also to the case of Dirichlet BC [61] which are
relevant to Casimir forces in anisotropic superconductors
[50, 62] and to finite-size effects in magnetic materials.
A judgement about the validity or violation of two-scale-
factor universality in bulk and confined systems requires
the combined analysis of both the free energy and the bulk
correlation function [22, 32, 44]. Thus, before developing
finite-size theory in Sec. III we lay the groundwork of
anisotropic bulk theory near Tc in Sec. II where a predic-
tion is derived for the scaling form of the bulk correla-
tion function Gb of weakly anisotropic systems satisfying
multiparameter universality [13–15]. At h = 0 our exact
asymptotic (large x, large ξ¯±(t), finite |x|/ξ¯± ≥ 0) result
is for general n above Tc (+) and for n = 1 below Tc (−)
Gb(x, t) =
D1
[x · (A¯−1x)](d−2+η)/2 Φ±
( [x · (A¯−1x)]1/2
ξ¯±(t)
)
,(1.6)
and the asymptotic result for the transverse correlation
function Gb,T for general n > 1 below Tc is
Gb,T(x, t) = BT |t|2β
( ξ¯T(t)
[x · (A¯−1x)]1/2
)d−2
. (1.7)
Here η and β are the critical exponents of the isotropic
system, ξ¯±(t) and ξ¯T(t) are the geometrical mean of
the corresponding principal correlation lengths, Φ± is
the universal scaling function of the isotropic theory
[1], and the dimensionless reduced anisotropy matrix A¯
is expressed in terms of ratios of principal correlation
lengths, as defined in Sec. II. This matrix depends on
d(d + 1)/2 − 1 anisotropy parameters. The nonuniver-
sal constants D1 and BT are universally related to the
amplitudes A1 and A2 of the bulk free energy (1.2) as
determined by the relations (2.60) and (2.61). The uni-
versal constants appearing in these relations are the same
as those for isotropic systems in the same universality
class. Although the results (1.6) and (1.7) are derived
within the ϕ4 lattice model, our hypothesis of multi-
parameter universality predicts that (1.6) and (1.7) are
valid for all systems in the same universality class in-
cluding, e. g., fixed-length spin models. Thus Gb and
Gb,T have a universal structure but depend, in general,
on d(d + 1)/2 + 1 independent nonuniversal parame-
ters, thus violating two-scale-factor universality defined
in [22, 32, 44]. In particular Gb and Gb,T exhibit a
nonuniversal directional dependence in space, in contrast
to isotropic systems. The validity of multiparameter uni-
versality is confirmed analytically in Sec. II for a non-
trivial example of the d = 2, n = 1 universality class.
For confined anisotropic systems, we briefly summarize
some aspects of our approach of this paper and present
the structure of the ensuing scaling function of the
Casimir force. We consider the ϕ4 model with lattice
anisotropy in a d-dimensional rectangular L1×L2 · · ·×Ld
block geometry with finite aspect ratios
ρα = L/Lα, α = 1, 2, ..., d− 1, ρd ≡ 1, (1.8)
where we have chosen L ≡ Ld as a reference length. A
shear transformation is performed such that the inter-
action becomes isotropic (in the long-wavelength limit)
which implies that the block geometry is transformed,
in general, into a non-rectangular parallelepiped. The
isotropic form of the transformed interaction permits one
to perform the field-theoretic renormalizations which are
characteristic for the bulk (d, n) universality class but
does not eliminate the nonuniversal anisotropy matrix
A which now enters the shape of the parallelepiped and
the skew orientation of the transformed nonrectangular
lattice, i.e., the transformed system has a nonuniversal
shape, nonuniversal wave-vectors k′ describing the trans-
formed lattice structure, and nonuniversal BC. Thus the
shear transformation restores isotropy without restoring
universality. An important ingredient of our theory is
then the separation of the lowest mode of the order-
parameter fluctuations and an approximation with re-
gard to the higher modes such that a simultaneous treat-
ment of the critical and the Goldstone modes in a fi-
nite geometry is achieved. A crucial advantage is pro-
vided by the minimal renormalization approach at fixed
dimension [13, 63] whose renormalization constants are
the same above and below Tc. This makes possible to
derive in Secs. III and IV a single finite-size crossover
scaling function between the low- and high-temperature
regions including the critical region. We find that, for
anisotropic systems in a block geometry, (1.1) is replaced
for 2 < d < 4 and general n by
fs(t, h, {Lα},A) = L−d F (x˜, x˜h, {ρα}, A¯), (1.9)
x˜ = t (L/ξ¯0+)
1/ν , x˜h = h (L/ξ¯c)
βδ/ν , (1.10)
where ξ¯0+ and ξ¯c are the geometrical mean of the am-
plitudes of the principal correlation lengths for T > Tc,
h = 0 and for T = Tc, h 6= 0 of the anisotropic sys-
tem as defined in (2.21) and (2.32), respectively. For
cubic geometry (ρα = 1), (1.9) agrees with Eq. (1.3)
of [13] through the exact relations (4.9) and (4.18) for
the scaling variables x˜ and x˜h. The matrix A¯ in (1.9) is
the same as in (1.6) and (1.7). Two-scale factor univer-
sality is replaced by multiparameter universality, with a
nonuniversal critical amplitude F (0, 0, {ρα}, A¯). For the
explicit results of F (x˜, 0, {ρα}, A¯) at h = 0 see (4.10) for
finite n and (6.4)-(6.8) in the limit n→∞. They exhibit
nonuniversal finite-size effects caused by the long-ranged
anisotropic correlations at low temperatures due to the
4Goldstone modes for n > 1 and by the anisotropic critical
correlations near Tc for n ≥ 1.
The same structure is obtained for the Casimir force of
the anisotropic system at h = 0
FCas(t, {Lα},A) = L−d X(x˜, {ρα}, A¯). (1.11)
The scaling function X includes a description of the
crossover from the critical (t = 0) Casimir amplitude
Xc(A¯) = X(0, {ρα}, A¯) (1.12)
to the low-temperature (t→ −∞) Casimir amplitude
X0(A¯) = X(−∞, {ρα}, A¯) (1.13)
for n > 1. The dependence on A¯ is, in general, quite
complicated [see (3.15)-(3.18)]. It does not appear, e.g.,
merely in the simple form of a prefactor that could be ab-
sorbed in the factor L−d. Even in the case of ∞d−1 × L
film or strip geometries [see item (c) below] considered
earlier [10, 15, 23, 29, 31], anisotropy changes the pref-
actor and the scaling argument. As shown in Sec. IV,
both the magnitude and sign of Xc(A¯) and X0(A¯) are
affected by the anisotropy matrix A¯, and both ampli-
tudes Xc(A¯) and X0(A¯) differ significantly from their
counterparts Xc(1) and X0(1) of isotropic systems in
the same universality class and with the same geometry
and BC. This demonstrates that the picture of two-scale-
factor universality for finite systems described in [22, 32]
is oversimplified and that the corresponding claims in the
literature with regard to the universality of the Casimir
force scaling function (see, e.g., [8, 55, 64–67]) are not
correct for the subclass of weakly anisotropic systems.
More specifically, since all critical exponents and thermo-
dynamic bulk scaling functions are the same in isotropic
and weakly anisotropic systems of the same universal-
ity class [13], one can immediately predict these bulk
quantities for, e.g., anisotropic Ising-like (n = 1) mag-
nets on the basis of the knowledge of these quantities for
ordinary (n = 1) fluids. This is not the case, however,
for their bulk correlation functions and finite-size scal-
ing functions (even if the two different systems have the
same shape and the same boundary conditions). Since
A¯ has d(d + 1)/2 − 1 independent matrix elements, a
quantitative analysis of finite-size effects in anisotropic
systems requires, in general, significantly more nonuni-
versal information than in isotropic systems, namely up
to five additional nonuniversal parameters in three di-
mensions. An identification of A¯ for real anisotropic sys-
tems is a nontrivial experimental task. Thus the violation
of two-scale-factor universality in the subclass of weakly
anisotropic systems is not a formal property but consti-
tutes a substantial reduction of the predictive power of
the finite-size theory as compared to the simpler situa-
tion in the subclass of isotropic systems. A summary
of further results and predictions of this paper is given
below.
(a) Bulk properties of anisotropic systems. In Sec. II a
derivation is given for the exact representation of A¯ in
terms of ratios of principal correlation lengths within the
ϕ4 theory. The ellipsoidal form of surfaces with constant
Gb(x, t) andGb,T(x, t) in x space is identified analytically
in terms of A¯ through (2.57). A conjecture is made for
determining the principal axes of anisotropic fixed-length
spin models. The range of validity in the parameter space
of A is discussed. Quantitative predictions are made for
the ratio of bulk correlation functions.
(b) Predictions for slab geometry. In Sec. IV, the pre-
dictions of the Casimir force scaling function for n ≥ 1
are specified for two models with a diagonal and a non-
diagonal anisotropy matrix A¯ in three dimensions. These
results demonstrate the effect of lattice anisotropy on (i)
the crossover from far below to far above Tc including
anisotropy-dependent minima near Tc (Fig. 1), (ii) the
change of sign of the critical Casimir amplitude (Fig. 2),
(iii) the change of sign of the Casimir amplitude at low
temperature (Fig. 3). The prediction (ii) demonstrates
that the proof [65] for the vanishing of the Casimir force
at Tc for cubic geometry is not valid for anisotropic sys-
tems. It also shows that microscopic details such as the
presence of a next-nearest-neighbor (NNN) interaction
do show up in nonuniversal macroscopic effects on the
Casimir force. Some of our approximate results for finite
n have large-n limits that agree with the exact result
derived in Sec. VI.
(c) Predictions for film geometry. In Secs. V and VI we
find the scaling form of the excess free energy density of
the d-dimensional anisotropic film system at h = 0
f exfilm(t, L,A) = L
−d F exfilm(C1tL
1/ν , A¯), (1.14)
F exfilm(C1tL
1/ν , A¯) = C0(A¯) F
ex
film,iso(C1tL
1/ν), (1.15)
C0(A¯) = [(A¯
−1)dd]
−d/2, (1.16)
C1(A) = [1/ξ
⊥
0+(A)]
1/ν , (1.17)
where F exfilm,iso is the scaling function of the isotropic
film system which here, however, has a different scal-
ing argument containing the nonuniversal A-dependent
amplitude ξ⊥0+(A), (5.18), of the bulk correlation length
perpendicular to the film boundaries. The nonuniversal
prefactor C0(A¯) violates two-scale-factor universality as
defined through the scaling form (1.1). Thus both the
overall amplitude and the argument of the scaling func-
tion are affected by anisotropy. The structure of (1.14)
is consistent with previous results [10, 15, 29, 31] and
with multiparameter universality for film geometry. It
is exact for n → ∞, d ≤ 3 (Sec. VI). For finite n, no
shift of the film transition temperature is captured, as in
previous work. The progress achieved here is the deriva-
tion of the scaling functions F exfilm and Xfilm for general n
below Tc and the quantitative description of anisotropy
effects above and below Tc (Fig. 4). Our results are
at variance with an earlier result for anisotropic super-
conducting films below Tc [50] without an anisotropy ef-
fect. We predict that the ”universal” Casimir force scal-
ing function Xfilm observed in isotropic superfluid
4He
films [52] and calculated in isotropic XY and ϕ4 models
with Dirichlet BC [46, 53–56, 61, 64] is different from the
scaling function of weakly anisotropic models with the
same BC in the same bulk universality class.
5(d) Large-n limit. In this limit exact finite-size scaling
functions are derived in Sec. VI for block, slab, and
film geometries. Unlike the case of finite n, they are
valid for arbitrary A¯ provided that detA > 0. They
describe the anisotropy effects on the complete crossover
from the Goldstone regime at low temperatures to high
temperatures far above bulk Tc. For d > 3, the nonuni-
versal anisotropy effect on the shift of the finite film
critical temperature Tcf(L) is determined. This demon-
strates that superconducting films should exhibit an
anisotropy-dependent fractional shift of the Kosterlitz-
Thouless transition temperature different from that in
isotropic superfluid 4He films.
(e) Other finite-size scaling functions. Our result for the
finite-size scaling function of fs is derived from an order-
parameter distribution function ∝ exp[−Heff ], (3.22),
with an exponential form whose exponent can be inter-
preted as an effective Hamiltonian. As shown in [68], the
same distribution function determines the finite-size scal-
ing functions of, e.g., the specific heat, the susceptibility,
and the order parameter. Thus these scaling functions
can be calculated parallel to the calculation of fs pre-
sented in this paper. If appropriate BC are employed,
the corresponding nonuniversal finite-size effects are well
measurable in real anisotropic systems such as super-
conductors [62], magnetic materials [69], alloys [70], and
solids with structural phase transitions [71] and in com-
pressible anisotropic systems [72]. As a further example
we mention the critical Binder cumulant [13, 32, 68, 73]
U∗(A¯) =
1
3
[ ∂4F (0, y, {ρα}, A¯)/∂y4
(∂2F (0, y, {ρα}, A¯)/∂y2)2
]
y=0
(1.18)
defined through F , (1.9). MC data for an anisotropic
d = 2 Ising model [57, 59, 74] and results of the ϕ4 theory
[10, 11, 13, 75] support multiparameter universality but
violate two-scale-factor universality (Secs. II and VII).
II. SHEAR TRANSFORMATION AND BULK
THEORY
In the following we discuss the shear transformation re-
lating isotropic and anisotropic bulk correlation functions
[10, 11, 13]. The latter provide the basis for identify-
ing the principal axes and correlation lengths as measur-
able quantities. Crucial steps have been performed in
[10, 11, 13] for general n above Tc and for n = 1 below
Tc. Here we extend the analysis to general n below Tc
in order to demonstrate the nonuniversal algebraic decay
of correlation functions that is the origin for nonuniver-
sal low-temperature Casimir forces in anisotropic systems
with n > 1. The feature of multiparameter universality
[13–15] is further discussed and tested analytically for the
d = 2, n = 1 universality class.
A. Shear transformation
We briefly recall relevant elements of previous work [10,
11, 13] on the basis of the ϕ4 lattice Hamiltonians I (2.1)
and I (2.13). (Equation numbers preceded by ”I” are
those of [1].) Instead of the isotropic interaction I (2.14)
we assume an anisotropic short-range interaction with
the long-wavelength form
δK̂(k) = k ·Ak+
d∑
α,β,γ,δ
Bαβγδ kαkβkγkδ +O(k
6) (2.1)
where the symmetric d× d anisotropy matrix A depends
on the microscopic lattice structure and on the couplings
Ki,j through the dimensionless second moments
Aαβ = Aβα = N
−1
N∑
i,j=1
(xiα−xjα)(xiβ−xjβ)Ki,j . (2.2)
Its real eigenvalues λα , α = 1, 2, ..., d, and eigenvectors
e(α) are determined by Ae(α) = λαe
(α) with e(α) ·e(β) =
δαβ . A necessary condition for weak anisotropy is λα > 0
which implies corresponding restrictions for the couplings
Ki,j (see also Sec. II. D).
We bring the O(kαkβ) part of (2.1) into an isotropic form
in order to make possible the use of renormalizations in
Secs. II. C and III that are the same as those of the
isotropic ϕ4 theory. This is achieved by a shear transfor-
mation that consists of a rotation and rescaling of lengths
in the direction of e(α). The rotation is provided by the
orthogonal matrix U = U
({e(α)}) with matrix elements
Uαβ = e
(α)
β where e
(α)
β denote the Cartesian components
of the eigenvectors e(α). The rescaling is provided by the
diagonal matrix
λ = UAU−1, (2.3)
detλ = detA =
d∏
α=1
λα > 0, (2.4)
with diagonal elements λα. The reduced diagonal matrix
λ¯ with diagonal elements λ¯α is defined as
λ¯ = λ/(detλ)1/d = UA¯U
−1
, (2.5)
λ¯α =
λα
(detλ)1/d
=
d∏
β=1, β 6=α
(λα
λβ
)1/d
, (2.6)
with det λ¯ = 1 and the reduced anisotropy matrix A¯ =
A/(detA)1/d, det A¯ = 1. So far both the eigenvectors
e(α) and the reduced rescaling matrix λ¯ are defined as a
function of ratios of second moments of the microscopic
couplings Ki,j which we call parametrization (i). In x
space and k space the transformation is
x′j = λ
−1/2Uxj , (2.7)
k′ = λ1/2Uk, (2.8)
ϕ′(x′j) = (detA)
1/4ϕ(U−1λ1/2x′j) , (2.9)
u′0 = (detA)
−1/2u0, (2.10)
h′ = (detA)1/4h, (2.11)
6which leads to the isotropic form of (2.1) with A′ = 1,
δK̂(k) = δK̂(U−1λ−1/2k′) ≡ δK̂ ′(k′) = k′2 +O(k′4).
(2.12)
This yields an exact relation between the anisotropic
and isotropic bulk correlation functions Gb(x, t, h) and
G′b(x
′, t, h′), respectively, for arbitrary x, t, h
Gb(x, t, h) = (detA)
−1/2G′b(λ
−1/2Ux, t, (detA)1/4h).
(2.13)
Outside the asymptotic critical region, Gb andG
′
b depend
on all details of the couplings and the lattice structure.
The isotropic correlation function G′b is the basis of defin-
ing the second-moment bulk correlation length
ξ′±(t, h
′) =
(
1
2d
∑
x′ x
′2 G′b(x
′, t, h′)∑
x′ G
′
b(x
′, t, h′)
)1/2
(2.14)
for general n above and at Tc and for n = 1 below Tc. In
the asymptotic region (large x′, large ξ′±, finite |x′|/ξ′± ≥
0, small h′) G′b has the isotropic scaling form [13, 22]
G′b(x
′, t, h′) = D′1|x′|−d+2−ηΦ±(|x′|/ξ′±, D′2h′t|−βδ),(2.15)
ξ′±(t, h
′) = ξ′0+|t|−νX±(D′2h′|t|−βδ) (2.16)
with the universal scaling functions Φ±(z, y) and X±(y).
Application of (2.13) to (2.15) yields an analytic iden-
tification of the principle axes and principal correlation
lengths ξ
(α)
± (t, h) in terms of the T -independent eigenvec-
tors e(α) and eigenvalues λα [13],
ξ
(α)
± (t, h) = λ
1/2
α ξ
′
±(t, h
′), (2.17)
ξ
(α)
± (t, 0) = ξ
(α)
0± |t|−ν , ξ(α)0± = λ1/2α ξ′0±, (2.18)
with ξ′±(t, 0) = ξ
′
0±|t|−ν . Note that ξ′±(t, h′) is not mea-
surable since G′b is not observable, in contrast to Gb of
the original anisotropic system. In particular, the corre-
lation lengths ξ
(α)
± (t, h) are measurable quantities which
have the nonuniversal ratios [13]
ξ
(α)
+
ξ
(β)
+
=
ξ
(α)
−
ξ
(β)
−
=
ξ
(α)
0+
ξ
(β)
0+
=
ξ
(α)
0−
ξ
(β)
0−
=
(λα
λβ
)1/2
=
( λ¯α
λ¯β
)1/2
. (2.19)
According to (2.6) and (2.19), the diagonal matrix λ¯ has
the diagonal elements
λ¯α =
d∏
β=1, β 6=α
(
ξ
(α)
0± /ξ
(β)
0±
)2/d
=
(
ξ
(α)
0± /ξ¯0±
)2
, (2.20)
ξ¯0± =
[ d∏
α=1
ξ
(α)
0±
]1/d
= (detA)1/(2d)ξ′0± (2.21)
with ξ¯±(t, 0) = ξ¯0±|t|−ν where the characteristic length
ξ¯±(t, h) =
[ d∏
α=1
ξ
(α)
± (t, h)
]1/d
=
[
V ±corr(t, h)
]1/d
(2.22)
is the geometric mean of the principal correlation lengths
determining the ellipsoidal correlation volume V ±corr [10].
Thus Eq. (2.20) determines the reduced rescaling matrix
λ¯ = λ¯
({ξ(α)0± }) (2.23)
as a function of the observable ratios ξ
(α)
0± /ξ¯0± for general
d which we call parametrization (ii), with e(α) remain-
ing the same as in parametrizaton (i). Both λ¯
({ξ(α)0± })
and V ±corr are nonuniversal quantities and the vectors e
(α)
have a nonuniversal orientation.
It is remarkable that the exact relations (2.19) and (2.20)
are quite simple for general d and for arbitrary short-
range interactions. They have the same form as for the
Gaussian model (where u0 = 0). Since λ¯α depends on
the couplings Ki,j through (2.2), Eqs. (2.19) and (2.20)
provide d − 1 relations between the couplings Ki,j and
the ratios (ξ
(α)
0± /ξ¯0±)
2 or (ξ
(α)
0± /(ξ
(β)
0± )
2 that are specific for
the ϕ4 theory and the Gaussian model. We note that all
relations given above are exact within the ϕ4 theory and
are valid for both the continuum and the lattice version.
These relations can be extended to general n > 1 below
Tc, see (2.52) and (2.56).
It is well established that f ′b,s(t, h
′) of the isotropic system
has the asymptotic (small t, small h′) scaling form [22]
f ′b,s(t, h
′) = A′1|t|dν W±(A′2h′|t|−βδ) (2.24)
with the universal scaling function W±(z) above (+) and
below (−) Tc and the nonuniversal amplitudes A′1 and
A′2. The shear transformation with (2.11) implies the
exact relation [13]
fb,s(t, h) = (detA)
−1/2f ′b,s
(
t, (detA
)1/4
h)
= A′1(detA)
−1/2|t|dν W±(A′2(detA)1/4h|t|−βδ) (2.25)
which is just the scaling form (1.2) of the anisotropic
system with the nonuniversal amplitudes
A1 = A
′
1(detA)
−1/2, A2 = A
′
2(detA)
1/4 . (2.26)
Thus the simple result is that the thermodynamic scal-
ing function W± of the bulk free energy is the same for
both isotropic and anisotropic systems for general n, only
the amplitudes Ai and A
′
i are different. The situation is
more complicated for the bulk correlation function and
the finite-size scaling functions of anisotropic systems.
B. Bulk correlation function and multiparameter
universality in anisotropic systems
Using the parametrization (ii) of λ¯
({ξ(α)0± }), (2.23), we
have derived [11, 13] critical bulk relations involving the
principal correlation lengths and the large-distance be-
havior of the critical correlation function Gb(x, 0, 0) of
7weakly anisotropic systems
fb,s(t, 0)ξ¯+(t, 0)
d = A1(ξ¯0+)
d = Q1 = universal, (2.27)
(Γ+/Γc)
(
ξ¯c/ξ¯0+
)2−η
= Q2 = universal , (2.28)
(Γ+/Γc)
(
ξ(α)c /ξ
(α)
0+
)2−η
= Q2 = universal , (2.29)
Gb(x
(α), 0, 0) = (ξ¯0+)
−dΓ+ Q˜3
[
ξ
(α)
0+ /|x(α)|
]d−2+η
,(2.30)
ξ
(α)
0− /ξ
(α)
0+ = ξ
′
0−/ξ
′
0+ = X−(0) = universal, (2.31)
with universal constantsQ1(d, n), Q2(d, n), Q˜3(d, n), and
X−(0) that are the same for all isotropic and weakly
anisotropic systems (not only ϕ4 models) within the same
(d, n) universality class (for isotropic systems see Tables
6.1 and 6.3 of [32] and Table I of [76]). The same state-
ment holds for the universal constants P2(d, n), P3(d, n),
and W1(d, n) of the amplitude relations given in (2.59)-
(2.61) below, as noted in [13]. These universal features
involving d(d+1)/2+1 independent nonuniversal param-
eters were called multiparameter universality for weakly
anisotropic systems [13]. In (2.28)-(2.30), Γ+ is the am-
plitude of the bulk susceptibility χb = Γ+t
−γ of the
anisotropic system at h = 0 above Tc, and ξ¯c denotes
the mean correlation-length amplitude at Tc
ξ¯c =
[ d∏
α=1
ξ(α)c
]1/d
= (detA)1/(2d)−ν/(4βδ)ξ′c (2.32)
where ξ
(α)
c is defined by ξ
(α)
± (0, h) = ξ
(α)
c |h|−ν/(βδ) for
small h 6= 0. In (2.32) we have used (2.11), (2.17), and
[13] ξ′±(0, h
′) = ξ′c |h′|−ν/(βδ). In (2.30), Gb(x(α), 0, 0)
describes the critical large-distance behavior along the
principal direction α. In the following we generalize it to
arbitrary directions of x and to finite t and h above and
below Tc.
From (2.4), (2.5), (2.17), (2.18), and (2.22) we obtain
λ1/2ξ′±(t, h) = λ¯
1/2
ξ¯±(t, h). (2.33)
Substituting (2.33) into the first argument of Φ± in (3.19)
of [13] yields the correlation function for an arbitrary
direction of x in terms of λ¯ and ξ¯±(t, h),
Gb(x, t, h) = D1|λ¯−1/2Ux|−d+2−η
× Φ±(|λ¯−1/2Ux|/ξ¯±, D2h|t|−βδ), (2.34)
ξ¯±(t, h) = ξ¯0+|t|−νX±(D2h|t|−βδ) , (2.35)
D1 = D
′
1 (detA)
(−2+η)/(2d) , (2.36)
D2 = D
′
2 (detA)
1/4 , (2.37)
with the universal scaling functions Φ±(z, y) and X±(y)
defined by the isotropic scaling form (2.15), (2.16). We
use the normalization X+(0) = 1 which implies [13]
ξ¯0−/ξ¯0+ = X−(0) = universal. The spatial argument
|λ¯−1/2Ux| can be rewritten as
|λ¯−1/2Ux| = [(λ¯−1/2Ux) · (λ¯−1/2Ux)]1/2
= [x · (U−1λ¯−1Ux)]1/2 = [x · (A¯−1x)]1/2,(2.38)
with
A¯ = U−1λ¯U (2.39)
[compare (2.3) and (2.5)]. This leads to
Gb(x, t, h) = D1[x · (A¯−1x)](−d+2−η)/2
× Φ±([x · (A¯−1x)]1/2/ξ¯±, D2h|t|−βδ). (2.40)
Due to the two parametrizations for λ¯ given above, the
matrix A¯, (2.39), can be represented (i) in terms of the
second-moments of the couplings Ki,j , or (ii) in terms of
the correlation-length amplitudes ξ
(α)
0+ through (2.23),
A¯
({ξ(α)0± , e(α)}) = U({e(α)})−1 λ¯({ξ(α)0± }) U({e(α)}).(2.41)
Within the ϕ4 theory, both parameterizations (i) and (ii)
are equivalent near Tc. Consistency with the relations
(2.27)-(2.31) requires us to employ the parametrization
(ii) with the representation (2.41) for applications be-
yond ϕ4 theory (see the examples discussed below). In
particular, choosing x(α) = x(α)e(α) along the principal
direction α and using (2.20) we obtain from (2.40) and
(2.41)
Gb(x
(α), t, h) = D1
{[
ξ
(α)
0± /ξ¯0±
]
/|x(α)|
}d−2+η
× Φ±
(
|x(α)|/ξ(α)± (t, h), D2h|t|−βδ
)
.(2.42)
Comparison with (2.30) yields the identification of D1 in
terms of the observable quantities Γ+ and ξ¯0+ and the
universal constants Q˜3 and Φ±(0, 0),
D1 = (ξ¯0+)
−2+ηΓ+Q˜3 Φ±(0, 0)
−1. (2.43)
At h 6= 0, the results presented for Gb are valid above,
at, and below Tc for general n. In the limit h → 0,
however, they remain applicable below Tc only for n = 1,
and the following separate discussion is necessary for the
case n > 1 for h→ 0 below Tc. We choose the coordinate
system in the n dimensional ϕ′ space such that h′ =
(h′, 0, ..., 0) and < ϕ′ >′≡M′ = (M ′, 0, ..., 0) and define
the longitudinal and transverse bulk correlation functions
of the transformed isotropic system as [32]
G′b,L(x
′
i − x′j , t, h′) = 〈ϕ′(1)i ϕ′(1)j 〉′ −M ′2, (2.44a)
G′b,T(x
′
i − x′j , t, h′) = 〈ϕ′(κ)i ϕ′(κ)j 〉′ (2.44b)
for each κ = 2, ..., n. For h′ → 0 below Tc, where the
correlations are long-ranged with an algebraic decay due
to the Goldstone modes for n > 1, no second-moment
correlation length can be defined. Following [32, 44] we
define the bulk transverse correlation length ξ′T by the
large-distance behavior of G′b,T for d > 2
G′b,T(x
′, t, 0) ≈ CTM ′b(t, 0)2
[
ξ′T(t)/|x′|
]d−2
, (2.45)
CT = Γ(d/2)/[2pid/2(d− 2)], (2.46)
for |x′| → ∞ where M ′b(t, 0) is the bulk order parameter.
The asymptotic form of ξ′T near Tc is ξ
′
T(t) = ξ
′
0T|t|−ν ,
8with the nonuniversal amplitude ξ′0T. As shown within
the isotropic theory [32], the amplitude ratio
ξ′0T/ξ
′
0+ = universal (2.47)
is a universal quantity, thus no new nonuniversal param-
eter is introduced below Tc for n > 1. The large-distance
behavior of the longitudinal correlation function is re-
lated to that of G′b,T by [77]
G′b,L(x
′, t, 0) ≈ (1/2)(n− 1)[G′b,T(x′, t, 0)/M ′b(t, 0)]2.(2.48)
Thus ξ′T governs the large-distance behavior of both G
′
b,T
and G′b,L below Tc. The experimentally measurable cor-
relation functions are not G′b,L and G
′
b,T of the trans-
formed isotropic system but Gb,L and Gb,T of the original
anisotropic system. At h = 0, Gb and G
′
b are related by
the shear transformation
Gb,L(x, t, 0) = (detA)
−1/2G′b,L(λ
−1/2Ux, t, 0), (2.49)
Gb,T(x, t, 0) = (detA)
−1/2G′b,T(λ
−1/2Ux, t, 0).(2.50)
Along the direction of the principal axis α, the large-
distance behavior of Gb,T(x
(α), t, 0) is, similar to (2.42),
Gb,T(x
(α), t, 0) ≈ CTB2|t|2β
[
ξ
(α)
T (t)/|x(α)|
]d−2
(2.51)
where ξ
(α)
T (t) is the principal transverse correlation
length in the direction of e(α), ξ
(α)
T (t) = ξ
(α)
0T |t|−ν , ξ(α)0T =
λ
1/2
α ξ′0T, with the nonuniversal ratio
ξ
(α)
0T /ξ
(β)
0T = (λα/λβ)
1/2. (2.52)
In (2.51) we have used Mb(t, 0) = (detA)
−1/4M ′b(t, 0) ≈
B|t|β for |t| ≪ 1. Similar to (2.34) and (2.40), we obtain
for an arbitrary direction of x
Gb,T(x, t, 0) ≈ CTB2|t|2β
( ξ¯T
[x · (A¯−1x)]1/2
)d−2
, (2.53)
ξ¯T(t) =
[ d∏
α=1
ξ
(α)
T (t)
]1/d
, (2.54)
with the mean transverse correlation length ξ¯T. The re-
sult for the longitudinal correlation function Gb,L follows
from (2.48)-(2.51). In (2.53) the representation (ii) of
A¯
({ξ(α)0T , e(α)}) = U({e(α)})−1 λ¯({ξ(α)0T })U({e(α)}) (2.55)
in terms of ξ
(α)
0T and ξ¯0T =
[∏d
α=1 ξ
(α)
0T
]1/d
can be em-
ployed using (2.23) and (2.52). According to (2.19) and
(2.52), ϕ4 theory predicts the relations
ξ
(α)
0+ /ξ
(β)
0+ =
{
ξ
(α)
0− /ξ
(β)
0− for n = 1 ,
ξ
(α)
0T /ξ
(β)
0T for n > 1.
(2.56)
Eqs. (2.40), (2.42), (2.51), and (2.53) are the central re-
sults of this section which are asymptotically exact within
the ϕ4 theory. They are valid for n = 1, d > 1 and for
n ≥ 2, d > 2 including the large-n limit. They show that
anisotropy changes the dominant power-law behavior for
general n. In particular they show that the matrix A¯−1
governs the large distance behavior of the bulk correla-
tion function for general n above and below Tc via the
quadratic form (2.38), and similarly in k space, deter-
mined by the shear transformation
x · (ξ¯−2± A¯−1x) = x′ · (ξ′−2± x′), (2.57)
k · (ξ¯2± A¯k) = k′ · (ξ′2± k′), (2.58)
and similarly with ξ′T and ξ¯T. Equation (2.57) describes
the ellipsoidal and spherical forms of constant Gb and
G′b surfaces in x and x
′ space, respectively (compare
Fig. 1 of [20]), and similarly in k and k′ space, ex-
pressed in terms of the correlation lengths ξ¯± and ξ
′
±
in d dimensions [compare (2.40) and (2.15)] at fixed
t, h. At criticality these ellipsoidal surfaces are described
by x · (A¯−1x) = const as follows from the power-law
part of (2.40). After substituting A¯
({ξ(α)0+ , e(α)}) and
A¯
({ξ(α)0T , e(α)}), Gb and Gb,T are expressed in terms of
(a) the thermodynamic amplitudes D1, D2 and B, (b)
the eigenvectors e(α), and (c) the amplitudes ξ
(α)
0+ , ξ
(α)
0− ,
and ξ
(α)
0T of the principal correlation lengths. The former
amplitudes (a) are universally related to A1 and A2 [13],
A2/D2 = P2 = universal , (2.59)
D1A
−2
2 A
−1−γ/(dν)
1 = P3 = universal, (2.60)
B/(A1A2) = −W1 = universal, (2.61)
where W1 ≡ limy→0 ∂W−(y)/∂y. Such relations hold
also for the isotropic system with primed amplitudes
A′1, A
′
2, D
′
1, D
′
2, B
′ (see I (3.51) - I (3.53) and Eqs. (3.10),
(3.11), and (A12) of [13, 78]) where the universal bulk
constants P2, P3, and W1 of the isotropic system are the
same as for the anisotropic system in the same universal-
ity class. This is an important ingredient of multiparam-
eter universality. Among the amplitudes (c), there are
only d − 1 independent amplitudes because of the uni-
versal relations (2.27), (2.31), and (2.47). In addition,
the knowledge of d(d− 1)/2 nonuniversal parameters de-
termining the directions of e(α) is necessary. Altogether
there are d(d + 1)/2 + 1 independent nonuniversal pa-
rameters determining the bulk correlation function. The
hypothesis of two-scale-factor universality states [44] that
the correlation function near Tc is fully determined once
the two thermodynamic amplitudes A1 and A2 have been
chosen. Our results show that the knowledge of A1 and
A2 and of the universal quantities Q1, P2, P3,W1 is not
sufficient: According to (2.27), the amplitude A1 deter-
mines only the product
∏d
α=1 ξ
(α)
0+ but not each factor
ξ
(α)
0+ separately that would be needed in (2.42) above
Tc, thus the hypothesis is not valid for the subclass of
weakly anisotropic bulk systems. A natural consequence
is the violation of two-scale-factor universality also for
confined systems (Sec. IV). Our conclusion is not in con-
flict with the early proofs of two-scale-factor universality
for bulk systems [41–44] since these proofs were given
only for isotropic systems. Also the derivation in [22, 32]
was based on the assumption of a single bulk correlation
length ξ∞ that does not exist in anisotropic systems.
9Nevertheless, as pointed out in [11, 13], some degree
of universality is maintained for the bulk properties of
anisotropic systems: The critical exponents and the func-
tions W±(z), Φ±(z, y), and X±(y) are the same as those
of isotropic ϕ4 theory and are independent of the coupling
u0, of the lattice spacing, and of the higher-order mo-
ments Bαβγδ etc. of the ϕ
4 lattice theory. We anticipate
that they would also remain independent of higher-order
couplings, such as those of ϕ6 terms if such terms were
included in the ϕ4 Hamiltonian. Furthermore the same
principal axes and correlation lengths can be obtained
from ϕ4 models on various lattices with a large variety of
different couplings. (For a few examples see Sec. IX of
[13].) This means that a large number of members in the
subclass of anisotropic ϕ4 models have the same asymp-
totic bulk correlation functions and amplitude relations
near Tc if they have the same nonuniversal parameters
(a)-(c) specified above. This prediction can be tested by
MC simulations for ϕ4 lattice models [56, 60].
We hypothesize that this kind of multiparameter univer-
sality is valid not only for all ϕ4 lattice models but quite
generally for all other systems in the subclass of weakly
anisotropic systems of the (d, n) universality classes pro-
vided that the parametrization (ii) is used for reasons
of consistency with (2.27)-(2.31), i.e., that a reduced
anisotropy matrix of such systems is constructed accord-
ing to (2.41), with λ¯ expressed in terms of ξ
(α)
0+ /ξ
(β)
0+ ac-
cording to (2.20), and with U and U−1 determined by
the unit vectors e(α) defining the principal axes. Such
systems include the O(n)-symmetric spin models with
the Hamiltonian
βHspin = −
∑
i,j
Kspini,j Si · Sj −
∑
i
βh · Si (2.62)
with β = 1/(kBT ) where the n-component spin variables
Si have a fixed length S
2
i = 1. For n = 1, Si ≡ σi = ±1
denote the discrete variables of the Ising model. We take
this model for testing our hypothesis.
An appropriate quantity is the ratio of the bulk correla-
tion functions at criticality along two different principal
directions α and β which, according to (2.19), (2.30),
(2.34), and (2.42), ϕ4 theory predicts to have the large-x
behavior
Gb(x
(α), 0, 0)
Gb(x(β), 0, 0)
(
|x(α)|
|x(β)|
)d−2+η
=
(
λα
λβ
)(d−2+η)/2
(2.63)
=
[
ξ
(α)
0+ /ξ
(β)
0+
]d−2+η
(2.64)
for general d and n and arbitrary short-range interac-
tions. The basic question is whether this general result
is valid for anisotropic systems beyond the ϕ4 theory.
We consider the anisotropic d = 2 Ising model on a square
lattice with different positive nearest-neighbor (NN) cou-
plings in the “horizontal” and “vertical” directions, de-
noted by K1 = 2βJ‖ and K2 = 2βJ⊥ respectively. The
principal directions 1 and 2 are parallel to the Cartesian
axes. This implies UIsing = 1 and A¯Ising = λ¯Ising . An
exact analytic result by Wu [17] is available for the crit-
ical bulk correlation function GIsingb of this Ising model.
The large-x behavior of the ratio of the critical correla-
tion functions GIsingb along the principal directions 1 and
2 is obtained from Egs. (1.7), (1.11), and (5.7) of [17]
and from Eqs. (5.2) and (5.9) in chapter XI of [18] as
GIsingb (x
(1), 0, 0)
GIsingb (x
(2), 0, 0)
(
|x(1)|
|x(2)|
)1/4
=
[
(1 + z21c)(1 − z22c)
(1 − z21c)(1 + z22c)
]1/4
(2.65)
=
[
sinh(4βcJ‖)/ sinh(4βcJ⊥)
]1/8
(2.66)
=
(
ξ01/ξ02
)1/4
(2.67)
with z1c = tanh(2βcJ‖), z2c = tanh(2βcJ⊥) where ξi =
ξ0it
−ν , i = 1, 2 denote the correlation lengths above Tc
of the Ising model for the ”rectangular lattice” employed
in [23]. In deriving (2.66) from (2.65) we have used the
condition of criticality [23] sinh(4βcJ‖) sinh(4βcJ⊥) = 1.
Eq. (2.67) then follows from the relation [23]
ξ01/ξ02 = [sinh(4βcJ‖)/ sinh(4βcJ⊥)]
1/2. (2.68)
In (2.67) and (2.68) the asymptotic amplitudes of the
”true” correlation lengths are employed as defined in [23]
through the exponentially decaying part of the correla-
tion function [23, 79–81]. We conjecture that the ratio of
these amplitudes is identical with the ratio of the corre-
sponding second-moment principal correlation lengths of
the anisotropic Ising model.
Applying the result (2.64) for the ϕ4 theory to the (d =
2, n = 1) universality class with η = 1/4 we indeed find
exact structural agreement between (2.64) and (2.67) in
the parametrization (ii) of both models. This constitutes
a nontrivial analytic confirmation of our hypothesis of
multiparameter universality.
We further comment on this issue by considering the
d = 2 ϕ4 lattice model with the same NN couplings
on the square lattice, i.e., Kx = J‖/a˜
2, Ky = J⊥/a˜
2
in the “horizontal” and “vertical” directions, respec-
tively. This corresponds to the diagonal anisotropy ma-
trixA(d=2) = 2
(
J‖ 0
0 J⊥
)
, with eigenvalues λx = 2J‖ >
0, λy = 2J⊥ > 0 and detA(d=2) = 4J‖J⊥. The corre-
sponding correlation-length amplitudes are denoted by
ξ
‖
0+, ξ
⊥
0+ for the ϕ
4 model. The reduced anisotropy ma-
trix is
A¯(d=2) =
(
(J‖/J⊥)
1/2 0
0 (J⊥/J‖)
1/2
)
(2.69)
=
(
ξ
‖
0+/ξ
⊥
0+ 0
0 ξ⊥0+/ξ
‖
0+
)
(2.70)
where we have used
ξ
‖
0+/ξ
⊥
0+ = (λx/λy)
1/2 = (J‖/J⊥)
1/2 (2.71)
according to (2.19). Eqs. (2.69) and (2.70) correspond to
the representation (i) and (ii), respectively. Eqs. (2.71)
and (2.68) demonstrate that ratios of correlation lengths
have, in general, a different dependence on the couplings
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for different models. Such a difference was already noted
in [15, 30] between the ϕ4 and Gaussian models and the
d = 2 Ising model. This implies that Eq. (6.7) of [82]
derived from ϕ4 theory is not generally valid for lattice
O(n) spin models with finite n. Likewise, the correlation
functions (2.63) and (2.65) have a different dependence
on the couplings J‖, J⊥. Thus our example confirms that
in constructing the appropriate matrix A¯ according to
(2.41) for applications to bulk theories beyond the ϕ4
theory, representation (ii) should be used as was done
previously [11, 13] in the context of (2.27)-(2.31).
In summary, multiparameter universality means that all
systems of a given bulk universality class having the
same amplitudes A1, A2, the same principal axes, and
the same ratios ξ
(α)
0+ /ξ
(β)
0+ of the principal correlation-
length amplitudes should have the same bulk correlation
functions (2.40), (2.42), (2.51), and (2.53) and bulk rela-
tions (2.27)-(2.31). We emphasize, however, that scaling
forms satisfying multiparameter universality still have a
nonuniversal character as they are functions of nonuni-
versal correlation-length amplitudes. For example, the
ratios (2.63) and (2.65) are nonuniversal quantities. In
particular Gb,T is predicted to have a nonuniversal alge-
braically decaying x-dependence below Tc due to Gold-
stone modes for n > 1, (2.53), and Gb at criticality for
general n [83] where, according to (2.40),
Gb(x, 0, 0) =
D1 Φ+(0, 0)
[x · (U−1λ¯−1Ux)](d−2+η)/2
(2.72)
exhibits a directional nonuniversality through U({e(α)})
no matter what kind of representation of λ¯
−1
is used,
with different system-dependent amplitudes along differ-
ent principal axes.
The hypothesis of multiparameter universality can be
tested by MC simulations of spin and ϕ4 models and by
measurements in real systems. For this purpose the iden-
tification of the principal axes and correlation lengths is
necessary. While an analytic identification is easily done
for ϕ4 models owing to the tractability of the term k·Ak,
no general approach to an analytic construction of the
principal axes and correlation lengths has been developed
for fixed-length spin models with lattice anisotropy. For
example, for the case of the d = 2 Ising model with NN
interactions on an anisotropic triangular lattice [23, 29],
only a conjecture for the true correlation lengths ξi along
the three directions i of the bonds is known.
We suggest that the scaling forms (1.6), (2.30), and (2.72)
can be taken as the basis for identifying the principal axes
e(α) and the correlation lengths ξ
(α)
0+ from a comparison
with measurements or MC simulations of the bulk corre-
lation function. This information then suffices to deter-
mine the matrix A¯
({ξ(α)0+ , e(α)}) as well as the mean cor-
relation length ξ¯0+ of the corresponding system through
(2.20)-(2.23) and (2.41). These quantities are needed for
a comparison of MC data with the predictions of our
finite-size theory (Secs. IV-VI). It would be interesting
to compare in more detail our exact results (1.6), (2.30),
(2.40), (2.56), and (2.72) for the (n = 1, d = 2) ϕ4 model
with the exact results for the correlation function of the
anisotropic d = 2 Ising model [17–20].
It was noted in [13] that a reduced anisotropy matrix
A¯spin = Aspin/(detAspin)1/d can be defined for a fixed-
length spin model (2.62) in terms of the second moments
Aspinαβ = N
−1
N∑
i,j=1
(xiα − xjα)(xiβ − xjβ)Kspini,j , (2.73)
analogous to (2.2). It would be interesting to investigate
in which cases the eigenvectors e
(α)
spin of A¯
spin correctly
describe the exact principal axes of the correlation func-
tion of fixed-length spin model at large distances. This is
obviously the case for lattices and interactions with or-
thorhombic symmetry. It is also the case for the d = 2
Ising model discussed in Sec. II. E which does not have
orthorhombic symmetry. We conjecture that this may be
the case even for a larger class of non-orthorhombic inter-
actions. This would facilitate the analytic determination
of the principal axes of such spin models. An interesting
candidate for this investigation is the d = 2 anisotropic
Ising model studied in [23, 29] for which no exact ana-
lytic result has been given for the principal axes in terms
of the NN couplings Ki.
C. Amplitude of the bulk free energy density
In the following we present explicit results for the am-
plitude of fs,b(t, 0) ≡ f±s,b(t) of the anisotropic system
for general n above and below Tc and identify the length
ξ′0+ within the minimally renormalized isotropic ϕ
′4 the-
ory. First we consider f ′±b,s(t) ≡ f ′s,b(t, 0) which can be
taken from the one-loop results I (3.15) and I (3.20) for
isotropic systems after the replacement u0 → u′0, i.e.,
f ′+b,s(t) = −nAd (r0 − r0c)d/2/ (d ε) + O(u′0), (2.74)
f ′−b,s(t) = −[−2(r0 − r0c)]2/(64u′0)
− Ad [−2(r0 − r0c)]d/2/(d ε) +O(u′0),(2.75)
with the geometrical factor Ad, I (3.7)) and with the
critical value of r0 [1, 13]
r0c = −4(n+ 2)u0
∫
k
[δK̂(k)]−1 +O(u20) (2.76)
= −4(n+ 2)u′0
∫
k′
[δK̂ ′(k)′]−1 +O(u′0
2
), (2.77)∫
k′
= (detA)1/2
∫
k
≡ (detA)1/2
d∏
α=1
∫ pi/a˜
−pi/a˜
dkα
2pi
.(2.78)
We see that r0c is affected by the anisotropy according
to (2.76) but is invariant under the shear transforma-
tion. The advantage of the transformed system is that
its renormalizations can be taken from bulk theory for
isotropic systems [1] provided that they are expressed in
terms of the renormalized counterparts
u′ = µ−εAdZu′(u
′, ε)−1Zϕ′(u
′, ε)2u′0, (2.79a)
r′ = Zr′(u
′, ε)−1(r0 − r0c) (2.79b)
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of the transformed four-point coupling u′0, (2.10), and of
r0−r0c. The singular part f ′±b,s given in its unrenormalized
form (2.74) and (2.75) will be denoted by δf ′b(r0−r0c, u′0).
Then the renormalized counterpart is defined as
f ′R,b(r
′, u′, µ) = δf ′b(Zr′r
′, µεZu′Z
−2
ϕ′ A
−1
d u
′)
− (1/8)µ−εr′2AdA(u′, ε) . (2.80)
The renormalization constants are the same as given
in I (3.25) with u replaced by u′. This implies that
the β-function βu′(u
′, ε) yields, through the condition
βu′(u
′∗, ε) = 0, the fixed point value u′∗ = u∗ which
is identical with the known fixed point value u∗ of ordi-
nary isotropic ϕ4 theory [10, 13]. Consequently the crit-
ical exponents of the anisotropic system are those of the
isotropic system. The same renormalization constants
will be employed in the finite-size theory in Sec. IV. The
subsequent steps are parallel to those of isotropic bulk
theory [1, 13]. The reference length µ−1 is chosen as
µ−1 = ξ′0+(a0, u0, detA) (2.81)
=
[
a′−1Q∗ exp
(∫ u∗
u′
ζr′(u
∗)− ζr′(u′′)
βu′(u′′, ε)
du′′
)]1/2
(2.82)
with a′ = Zr′(u
′, ε)−1a0 where (2.82) is the exact rep-
resentation of the amplitude ξ′0+ of the second-moment
bulk correlation length within the minimally renormal-
ized ϕ′4 theory [1, 63]. Note that ξ′0+ is a function of a0
and (detA)−1/2u0 through a
′ and u′. Using (2.25) we
obtain the singular part of the anisotropic system
f±s,b(t) = (detA)
−1/2A′±|t|dν = A±|t|dν , (2.83)
A+ ≡ A1 = Q1ξ¯−d0+ (2.84)
= − Ad Q∗dν
[
n
4d
+
νB(u∗)
2α
]
(detA)−1/2 ξ′−d0+ , (2.85)
A− ≡ A1W−(0) = − Ad (2Q∗)dν
×
[
1
64u∗
+
1
4d
+
νB(u∗)
8α
]
(detA)−1/2 ξ′−d0+ , (2.86)
compare I (3.44) and I (3.45), with the same universal
quantity Q1(d, n) as given in I (3.56). The quantities Q
∗
and B(u∗) are the same as defined in [1]. From (2.85)
and (2.86) the same universal ratio A−/A+ is obtained
as for the isotropic system as given in I (3.57). We ex-
press f±s,b(t) in terms of the ellipsoidal correlation vol-
ume V +corr(t) ≡ V +corr(t, 0), (2.22), with a T -independent
orientation. Together with (2.4) and (2.18), the result
(2.83)-(2.86) can be written as
f±s,b(t) =
{
Q1/V
+
corr(t), t > 0,
(A−/A+)Q1/V
+
corr(t), t < 0
(2.87)
which has the same universal form as I (3.59) for isotropic
systems where, however, the spherical volume V +corr(t)
depends only on a single length scale.
D. Restricted range of validity
For the applications of the ϕ4 model for finite n the fol-
lowing reservation must be made as indicated already
in Sec. VIII. E of [13]. Consider the rotation in wave-
vector space, q = Uk. It yields an interaction δK˜(q) ≡
δK̂(U−1q) that is diagonalized at O(q2),
δK˜(q) =
d∑
α=1
λαq
2
α +
d∑
α,β,γ,δ
B˜αβγδ qαqβqγqδ +O(q
6).(2.88)
On the level of mean-field theory, a wave-vector instabil-
ity occurs when the anisotropy parameters are changed
such that one eigenvalue (e.g., λ1) or more than one of the
eigenvalues vanish which may correspond to a Lifschitz
point [35] (for an example see Sec. IV. E). The smallness
of λ1 in the vicinity of this point implies that some of
the O(q4) terms are no longer negligible, and fluctuation
affects arising from the u0ϕ
4 term and O(q4) terms must
be taken into account via a perturbative RG treatment
incorporating a renormalized shifted eigenvalue λ1R 6= λ1
[35]. Thus the physical instability occurs at a point
λ1R = 0 with λ1 = λ1LP 6= 0 where λ1LP depends on
the nonuniversal details of the model. Our subsequent
theory is not applicable to this point and to its vicinity
since our renormalizations will be defined with respect to
the ordinary critical point of the isotropic Hamiltonian
H ′ rather than with respect to the point of instability
where λ1R = 0. This implies that, for finite n, the range
of applicability of our theory is restricted not only by
detA > 0, (2.4), but also by the requirement that the
matrixA is well away from the renormalized wave-vector
instability described above. This is guaranteed if A is re-
stricted to some neighborhood of isotropy (Aiso = c01,
c0 > 0). This is taken into account in the applications
in Sec. IV. C. Our discussion applies also to the exact
result for the ratio of critical bulk correlation functions
(2.63). Its range of validity is limited not only by the
requirement λα > 0, λβ > 0 but also by the condition
that the system is away from an instability of the type
discussed above. The reservations made above are not
necessary for the exactly solvable case n→∞ (Sec. VI).
E. Predictions for d = 2 Ising and ϕ4 models
In this section we present predictions for the d = 2 Ising
universality class. We consider the ϕ4 model at h = 0
near Tc on a square lattice with NN couplings Kx =
Ky = J/a˜
2 > 0 and the NNN coupling Kd = Jd/a˜
2 in
the diagonal (1, 1) direction (Fig. 2 (a) of [11] and Fig.
1 of [57]). The anisotropy matrix
A2 = 2
(
J + Jd Jd
Jd J + Jd
)
(2.89)
has the eigenvalues λ1 = 2(J + 2Jd), λ2 = 2J and eigen-
vectors e(1) = 2−1/2
(
1
1
)
, e(2) = 2−1/2
( −1
1
)
, di-
rected along the diagonals [11]. These eigenvectors are
valid for both Jd > 0 and Jd < 0. The directions 1 and
2 are parallel and perpendicular to the (1, 1) direction of
the bonds Jd. Weak anisotropy requires λα > 0 which
implies J > 0 and Jd > −J/2. The principal correlation
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lengths ξ
(α)
± (t) = ξ
(α)
0± |t|−ν with ξ(α)0± = λ1/2α ξ′0± have the
ratio given in Eq. (3.31) of [13, 84],
ξ
(1)
0±
ξ
(2)
0±
=
(λ1
λ2
)1/2
≡ q =
{
> 1 for Jd > 0 ,
< 1 for Jd < 0 .
(2.90)
According to (2.40) with d = 2 and η = 1/4 the exact
asymptotic bulk correlation function is
Gb(x, t) =
D1
[x · (A¯−12 x)]1/8
Φ±
( [x · (A¯−12 x)]1/2
ξ¯±(t)
)
(2.91)
with ξ¯±(t) =
[
ξ
(1)
± (t)ξ
(2)
± (t)
]1/2
where Φ±(|x′|/ξ′±) is the
universal scaling function of the isotropic system. In
terms of the anisotropy parameter
s =
1
1 + J/Jd
=
(λ1/λ2)− 1
(λ1/λ2) + 1
=
q2 − 1
q2 + 1
(2.92)
the reduced anisotropy matrix reads [13]
A¯2 = (1− s2)−1/2
(
1 s
s 1
)
(2.93)
=
1
2
(
q + q−1 q − q−1
q − q−1 q + q−1
)
≡ Q2(q). (2.94)
Expressing s and q in terms of the coupling ratio J/Jd or
the correlation-length ratio ξ
(1)
0±/ξ
(2)
0± corresponds to the
representations (i) or (ii), respectively. They are equiv-
alent within the ϕ4 model near Tc. As a special case
we obtain the ratio of the correlation functions at Tc for
large |x(α)| along the two diagonals according to (2.63)
Gb(x
(1), 0)
Gb(x(2), 0)
(
|x(1)|
|x(2)|
)1/4
=
(
J + 2Jd
J
)1/8
. (2.95)
The predictions (2.91)-(2.95) can be tested by MC sim-
ulations for the d = 2 ϕ4 model [60].
The d = 2 Ising model with the same couplings is called
”anisotropic triangular model” in [23, 25]. Multiparame-
ter universality predicts that the same result for the cor-
relation function GIsingb is valid as for (2.91) provided
that ξ
(α)
0± and e
(α) are replaced by the corresponding
quantities of the Ising model. Exact analytic results for
GIsingb are available [20] which yield the same principal di-
rections e(α) as for the ϕ4 model (i.e., along the diagonals,
see Fig. 1 of [20]). The explicit results of [20] for T 6= Tc,
however, are given in terms of the couplings Ei rather
than principal correlation lengths ξ
(α)Ising
± . Although no
exact derivation has been given for ξ
(α)Ising
± a conjecture
can be derived [75] from the conjecture for the true corre-
lation lengths ξi above Tc along the three directions i of
the bonds of an anisotropic triangular lattice of the Ising
model [23]. Using ξ
(1)Ising
+ /ξ
(2)Ising
+ =
[
sinh(4βcJ)
]−1
as obtained from Eqs. (8) and (9) of [75] and assuming
multiparameter universality we find, in analogy to (2.66)
and (2.67), for the ratio of the correlation functions at
T = Tc along the diagonals,
GIsingb (x
(1), 0)
GIsingb (x
(2), 0)
(
|x(1)|
|x(2)|
)1/4
=
[
sinh(4βcJ)
]−1/4
(2.96)
with the condition of criticality [16, 25] sinh2(4βcJ) +
sinh(4βcJ) sinh(4βcJd) = 1. For small βcJd the r.h.s of
(2.96) is 1 + Jd/(4J), in agreement with (2.95) for small
Jd The prediction (2.96) can be tested by extending the
analytic results of [20] for the Ising model to T = Tc or
by extending existing MC simulations for GIsingb [59].
We call attention to the fact that the range of applica-
bility of the ϕ4 model is different from that of the Ising
model. The eigenvalue λ1 vanishes for Jd = −J/2 corre-
sponding to detA = 0 and s = −1 at which the matrix
(2.93) does not exist. The discussion in Sec. II. C sug-
gests an instability in the ϕ4 model at sLP near s = −1
at which the line of critical points terminates. Thus weak
anisotropy no longer exists in this ϕ4 model in the range
s ≤ sLP and (2.91) is not applicable to this range. By
contrast, the Ising model with the same couplings [57]
is well behaved and has a smooth line of critical points
down to s = −∞ corresponding to Jd = −J [16], as
shown in Fig. 1 of [59], thus the d = 2 ϕ4 and Ising mod-
els have a fundamentally different phase diagram in the
range −∞ < s . −1 corresponding to −J < Jd . −J/2.
This affects, of course, the finite-size behavior in this
regime. In [13] the goal was to use ϕ4 theory primar-
ily in the range s > 0 in order to explain the MC data
[57] of the critical Binder cumulant of the anisotropic
Ising model for s > 0. In retrospect it is not surprising
that later MC data for the Ising model [59] for negative
s agreed with the theoretical prediction [13] for s & −0.6
but not in the range −1.5 . s . −0.6 where ϕ4 the-
ory is not applicable. The instability of the ϕ4 theory
at sLP ≈ −1 was not taken into account in the inter-
pretation [59, 75] of the disagreement for s . −0.6. In
particular it was not recognized [75] that the matrix A¯2,
(2.93), correctly describes the exact long-distance behav-
ior of Gb, (2.91), of the ϕ
4 model for s > sLP , including
the asymptotic shape of the correlation length ellipse of
the ϕ4 model determined by (2.57). After substitution
of (2.92) into A¯2, (2.93), the matrix Q2(q), (2.94), with
q = ξ
(1)
0±/ξ
(2)
0± is obtained which has the same form as
A¯2(r) in Eq. (12) of [75, 84]. We predict that the Binder
cumulant of the d = 2 ϕ4 model differs significantly from
that of the Ising model for s . −0.6. Thus we expect
improved agreement of our prediction [13] for s < 0 with
MC data of the Binder cumulant for the ϕ4 model rather
than for the Ising model. Corresponding MC simulations
for the d = 2 ϕ4 model would be desirable. An improved
version of the prediction of [13] is obtained by replacing
the matrix A¯3(s) of Eq. (8.19) of [13] by the matrices
(7.4) and (7.5) derived in Secs. IV. B and VII where this
issue is further discussed in the context of multiparame-
ter and two-scale-factor universality.
III. FINITE-SIZE RG APPROACH
In a previous finite-size study of the anisotropic ϕ4 the-
ory [13] with finite n, the analysis was restricted to the
case n = 1 in a hypercubic geometry. In the following
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we extend this work to general n in a finite rectangular
L1 × L2 · · · ×Ld block geometry with finite aspect ra-
tios, (1.8), with applications to Ld−1‖ × L slab geometry
including the limit L‖ → ∞ to film geometry at finite
L. Eq. (2.7) implies that the rectangular block with
a volume V =
∏d
α=1 Lα = Na˜
d is transformed into a
parallelepiped shape with the volume
V ′ = Nv′ = V/(detA)1/2 =
d∏
α=1
L′α, (3.1)
L′α = Lα/(detA)
1/(2d), α = 1, 2, ..., d, (3.2)
with the transformed lengths L′α. The shear transforma-
tion yields the exact relation for the finite system
fs(t, h, {Lα},A) = (detA)−1/2f ′s(t, h′, {L′α}, A¯)(3.3)
as a generalization of the hypercubic case [13]. The as-
pect ratios (1.8)
ρα = L/Lα = L
′/L′α, ρd ≡ 1, (3.4)
L′ = L/(detA)1/(2d), (3.5)
with L′d ≡ L′ are left invariant by the shear transforma-
tion. We define the geometric mean of the aspect ratios
ρ¯ =
[ d−1∏
α=1
ρα
]1/(d−1)
. (3.6)
A. Unrenormalized free energy density
The perturbation approach for the model I (2.1) at h = 0
is based on the decomposition ϕj = Φ + σj into the
lowest-mode (k = 0) amplitude Φ and into higher-mode
contributions σj = V
−1
∑
k 6=0e
ik·xj ϕˆ(k). Since the de-
tails are similar to those presented in [1] for isotropic
systems we directly start from the partition function
Z = V n/2a˜−n
∫
dnΦ exp
{
−[H0(Φ2) + Γ˚(Φ2)]
}
(3.7)
with the lowest-mode Hamiltonian
H0(Φ
2) = V [(r0/2)Φ
2 + u0(Φ
2)2] (3.8)
and the higher-mode contribution
Γ˚(Φ2) =
[− n(N − 1) ln(2pi) + V S0(r¯0L(Φ2), {Lα},A)
+ (n− 1)V S0
(
r¯0T(Φ
2), {Lα},A
)]
/2 (3.9)
[see I (4.1)-I (4.12)]. The sum S0 over the higher modes
can be written as
S0(r, {Lα},A) = 1
V
∑
k 6=0
ln
{[
r + δK̂(k)
]
a˜2
}
(3.10)
= ∆(r, {Lα},A)− V −1 ln(ra˜2)
+
∫
k
ln{[r + δK̂(k)]a˜2}, (3.11)
∆(r, {Lα},A) = V −1
∑
k
ln{[r + δK̂(k)]a˜2}
−
∫
k
ln{[r + δK̂(k)]a˜2}. (3.12)
Here δK̂(k) has the long-wavelength form (2.1) with the
anisotropic matrix A, (2.2). The summations
∑
k 6=0 run
over the k ≡ (k1, k2, . . . , kd) vectors of the block geome-
try, with Cartesian components kα = 2pimα/Lα,mα =
0,±1,±2, · · · , α = 1, 2, · · · , d in the range −pi/a˜ ≤
kα < pi/a˜. An asymptotically exact calculation of the
function ∆(r, {Lα},A) for Lα/a˜ ≫ 1, 0 < ra˜2 ≪ 1,
0 < rL2α . O(1), and for finite 0 < ρα < ∞ can be
carried out in a way similar to that in [13]. The result
is expressed in terms of L′ and the reduced anisotropy
matrix A¯. It reads
∆(r, {Lα},A) = L−dG0(rL′2, {ρα}, A¯), (3.13)
G0(x, {ρα}, A¯) =
∫ ∞
0
dz z−1 exp
[−xz/(4pi2)]
×
{
(pi/z)d/2 − ρ¯ d−1 Kd(z,C)
}
. (3.14)
The function Kd(y,C) is defined for y > 0 by
Kd(y,C) =
∑
n
exp(−yn ·Cn) (3.15)
where the symmetric d × d matrix C = C({ρα}, A¯) has
the elements
Cαβ = ραρβA¯αβ . (3.16)
The sum
∑
n runs over n = (n1, n2, ..., nd) , nα =
0,±1, ...,±∞. The function G0(x, {ρα}, A¯) decays expo-
nentially for large x and is logarithmically divergent for
x→ 0+. This divergent part can be separated as
G0(x, {ρα}, A¯) = ρ¯ d−1
[
ln
( x
4pi2
)
+ J0(x, {ρα}, A¯)
]
,
(3.17)
J0(x, {ρα}, A¯) =
∫ ∞
0
dyy−1
{
exp
[−xy/(4pi2)]
×[ ρ¯ 1−d (pi/y)d/2 − Kd(y,C) + 1]− exp(−y)} (3.18)
where the function J0 has a finite limit J0(0, {ρα}, A¯)
for x→ 0+. From (3.11), (3.13), and (3.17) we obtain
S0(r, {Lα},A) =
∫
k
ln{[r + δK̂(k)]a˜2}
+V −1
{
ln[L′2/(4pi2a˜2)] + J0(rL′2, {ρα}, A¯)
}
. (3.19)
Note that L′, (3.4), rather than L appears in the ar-
guments of ln and of J0. The next steps are parallel to
those of [1]. This leads to the unrenormalized free energy
density of the anisotropic system in 2 < d < 4 dimensions
f(t, {Lα}) = f ′(1)b,ns(t)
+(detA)−1/2 δf ′(r0 − r0c, u′0, L′, {ρα}, A¯) (3.20)
f
′(1)
b,ns(t) =
n
2
{
− ln(2pi)
v′
+
∫
k′
ln{[δK̂(k′)](v′)2/d}
+ (r0 − r0c)
∫
k′
[δK̂(k′)]−1
}
+O(u′0), (3.21)
δf ′(r0 − r0c, u′0, L′, {ρα}, A¯) =
− 1
V ′
ln
{(2piV ′
L′2
)n/2 ∫
dnΦ′ exp
[−Heff (Φ′2)]},(3.22)∫
dnΦ′ ≡ 2pin/2Γ
(
n
2
)−1 ∫ ∞
0
d|Φ′||Φ′|n−1, (3.23)
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with Φ′ = (detA)1/4Φ and a nonsingular bulk part f
′(1)
b,ns
where v′ = (detA)−1/2a˜d. The effective Hamiltonian in
(3.22) reads
Heff (Φ′
2
) = Ĥ ′0(Φ
′2) + Γ˚′L(Φ
′2) + (n− 1)˚Γ′T(Φ′2),
(3.24)
Ĥ ′0(Φ
′2) = V ′
[
(1/2)(r0 − r0c)Φ′2 + u′0(Φ′2)
2]
,(3.25)
Γ˚′L(Φ
′2) = −[V ′Ad/(dε)]r′0L(Φ′2)
d/2
+ (1/2)J0(r′0L(Φ′2)L′2, {ρα}, A¯), (3.26)
Γ˚′T(Φ
′2) = −[V ′Ad/(dε)]r′0T(Φ′2)
d/2
+ (1/2)J0(r′0T(Φ′2)L′2, {ρα}, A¯), (3.27)
with the Φ′
2
dependent parameters
r′0L(Φ
′2) = r0 − r0c + 12u′0Φ′2, (3.28a)
r′0T(Φ
′2) = r0 − r0c + 4u′0Φ′2. (3.28b)
B. Renormalized free energy density
The quantity δf ′ in (3.22) is expressed entirely in terms of
quantities of the transformed isotropic system. Its mul-
tiplicative and additive renormalizations are the same as
for the corresponding bulk quantity δf ′b(r0 − r0c, u′0) in
Sec. II since L′, ρα, and A¯ are not renormalized. This en-
sures that the confined anisotropic system has the same
critical exponents as the isotropic bulk system. Thus we
employ the minimal subtraction scheme at fixed dimen-
sion for isotropic systems [63] and define the renormalized
counterpart of δf ′ in 2 < d < 4 dimensions as
f ′R(r
′, u′, L′, {ρα}, µ, A¯) =
δf ′(Zr′r
′, µεZu′Z
−2
ϕ′ A
−1
d u
′, L′, {ρα}, A¯)
−(1/8)µ−εr′2Ad A(u′, ε), (3.29)
where u′, r′ are defined in (2.79) and the renormalization
constants Zr′(u
′, ε), Zu′(u
′, ε), Zϕ′(u
′, ε), and A(u′, ε) are
the same as in I (3.25) with u replaced by u′. We take the
same choice (2.81) for the inverse reference length µ−1 as
for the bulk theory. The subsequent treatment is parallel
to that in [1]. This leads to
f ′R(r
′, u′, L′, {ρα}, µ, A¯) = f ′R
(
r′(l), u′(l), L′, {ρα}, lµ, A¯
)
+ Adr
′(l)2B′(l)/[2(lµ)ε], (3.30)
with
f ′R(r
′(l), u′(l), L′, {ρα}, A¯, lµ)
=
n
2V ′
ln
{
(lµL′)
ε/2
[Γ(n/2)]2/nu′(l)
1/2
2pi2A
1/2
d
ρ¯(d−1)/2
}
−Ad
L′d
{
(lµL′)d
4d
− (n− 1)
ε
[ l2T
4(lµL′)ε
− l
d/2
T
d
]}
+
1
2V ′
[
J0(l2µ2L′2, {ρα}, A¯) + (n− 1)J0(lT, {ρα}, A¯)
]
− 1
V ′
ln
{
2
∫ ∞
0
dssn−1 exp
[
− 1
2
y′(l)s2 − s4
]}
, (3.31)
y′(l) =
r′(l) (lµL′)
d/2
A
1/2
d
(lµ)2 u′(l)1/2
ρ¯(1−d)/2, (3.32)
lT(t, L
′, ρ¯) = l2µ2L′
2
− 8
[
(lµL′)ε u′(l)A−1d ρ¯
(d−1)/2
]1/2
ϑ2,n(y
′(l)), (3.33)
ϑ2,n(y) =
∫∞
0
ds sn+1 exp(− 12ys2 − s4)∫∞
0
dssn−1 exp(− 12ys2 − s4)
, (3.34)
B′(l) ≡
∫ l
1
B(u′(l′))
×
{
exp
∫ l′
l
[
2ζr′(u
′(l′′))− ε
]dl′′
l′′
}dl′
l′
. (3.35)
The flow parameter l is determined implicitly by
µ2l2 = r′(l) + 12
[
r′(l)/y′(l)
]
ϑ2,n(y
′(l)), (3.36)
r′(l) = r′ exp
[ ∫ l
1
ζr′(u
′(l′))
dl′
l′
]
, (3.37)
with r′(1) = r′ = a′t, a′ = Zr′(u
′, ε)−1a0, u
′(1) = u′.
In the regions |y′| ≫ 1 of low and high temperatures far
from Tc, the flow parameter approaches the bulk choices
l−(t) and l+(t), respectively
µ2l2 =
{
µ2l2+ = r
′(l+) for T > Tc,
µ2l2− = −2r′(l−) for T < Tc. (3.38)
The result (3.30)-(3.37) describes the crossover of the
renormalized free energy density f ′R at finite volume V
′
for general n from far below to far above Tc including the
critical regime, in agreement with I (4.52) and I (4.81)
for the isotropic case, A¯ = 1. In the bulk limit we obtain
f ′R(r
′(l), u′(l), L′, {ρα}, A¯, lµ) −→ f ′±R,b
(
l±µ, u
′(l±)
)
(3.39)
where f ′±R,b is given by the one-loop bulk expressions I
(3.40) and I (3.41), with u replaced by u′.
IV. RESULTS AND APPLICATIONS
A. Finite-size scaling function and multiparameter
universality
In order to derive the asymptotic scaling forms of f ′s and
of fs we consider the limit of a small flow parameter l ≪ 1
or l → 0. In this limit we obtain
u′(l)→ u′(0) ≡ u′∗ = u∗, (4.1)
B′(l)→ − (ν/α) B(u∗), (4.2)
r′(l)/(µ2l2)→ Q∗ t l−1/ν = Q∗x˜(µlL′)−1/ν , (4.3)
y′(l)→ y˜ = x˜ Q∗ [(µlL′)−α/νAd u∗−1ρ¯ 1−d]1/2 (4.4)
where ρ¯ is defined in (3.6) and where x˜ = t (L′/ξ′0+)
1/ν
is the scaling variable. Eqs. (3.32) and (3.36) imply
asymptotically µlL′ → l˜ = l˜(x˜, ρ¯) where the scaling
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function l˜(x˜, ρ¯) is determined implicitly by
y˜ + 12ϑ2,n(y˜) =
[
l˜dAd u
∗−1ρ¯ 1−d
]1/2
, (4.5a)
y˜ = x˜ Q∗
[
l˜−α/νAd u
∗−1ρ¯ 1−d
]1/2
. (4.5b)
These two equations also determine the scaling function
y˜ = y˜(x˜, ρ¯). The quantity lT, (3.33), becomes asymptot-
ically lT(t, L
′, ρ¯)→ l˜T(x˜, ρ¯) with
l˜T(x˜, ρ¯) = l˜
2 − 8 [l˜ε u∗A−1d ρ¯ d−1]1/2 ϑ2,n(y˜). (4.6)
Eqs. (4.5a)-(4.6) have the same form as I (5.5a)-I (5.6)
which implies that l˜(x˜, ρ¯) is the same function as in [1],
but with a different definition of x˜ [see (4.9)]. From
(3.30), (3.31), and (4.1) - (4.6) we derive the asymptotic
scaling form for the isotropic (parallelepiped) system
f ′R(r, u
′, L′, {ρα}, µ, A¯) −→
f ′s(t, L
′, {ρα}, A¯) = L′−dF (x˜, {ρα}, A¯) (4.7)
with the scaling function F given in (4.10) below. In
order to obtain fs for the anisotropic system in block
geometry we use (3.3), (3.5), and (2.21). This leads to
fs(t, L, {ρα},A) = L−dF
(
t(L/ξ¯0+)
1/ν , {ρα}, A¯
)
(4.8)
with the same scaling function F as in (4.7) and (4.10)
where now the scaling variable is expressed in terms of the
mean correlation-length amplitude ξ¯0+ and the physical
length L. The equivalence of both representations is due
to the fact that the scaling variable x˜ can be expressed
in two different ways,
t (L′/ξ′0+)
1/ν = t (L/ξ¯0+)
1/ν ≡ x˜, (4.9)
which follows from (2.21) and (3.5). The latter form x˜ =
t(L/ξ¯0+)
1/ν is more appropriate for fs, (4.8), since ξ¯0+
and L are observable quantities of the anisotropic system
whereas the quantities ξ′0+ and L
′ of the transformed
isotropic system are not measurable [85]. The explicit
result for F reads for 2 < d < 4
F (x˜, {ρα}, A¯) = − Ad
{ l˜d
4d
− (n− 1)
ε
[ l˜2T
4l˜ε
− l˜
d/2
T
d
]
+ ν Q∗2x˜2 l˜−α/ν B(u∗)/2α
}
+ ρ¯ d−1
{n
2
ln
[ l˜ε/2[Γ(n/2)]2/nu∗1/2
2pi2A
1/2
d
ρ¯(d−1)/2
]
− ln
[
2
∫ ∞
0
dssn−1 exp
(− y(x˜, ρ¯)s2/2− s4)]
+
1
2
J0(l˜2, {ρα}, A¯) + n− 1
2
J0(l˜T, {ρα}, A¯)
}
(4.10)
where ρ¯ and J0 are defined by (3.6) and (3.18). The cru-
cial information on the anisotropy is contained in J0 via
the sum (3.15) with the matrix C({ρα}, A¯), (3.16). Eq.
(4.10) is valid for general n ≥ 1. It describes the entire
crossover from far below Tc to far above Tc and permits
us to predict the effect of lattice anisotropy on the free
energy and the Casimir force in the Goldstone-dominated
low-temperature region as well as in the critical and high-
temperature regions. For finite L and ρα, F (x˜, {ρα}, A¯)
is an analytic function of x˜ near x˜ = 0, in agreement with
general analyticity requirements.
The bulk part F±b (x˜) of F (x˜, {ρα}, A¯) is obtained from
(4.10) in the limit of large |x˜| as
F±b (x˜) =
{
Q1x˜
dν for T > Tc ,
(A−/A+)Q1 | x˜ |dν for T < Tc, (4.11)
where Q1 and A
−/A+ are the same as those for the
isotropic system given in I (3.56) and I (3.57). This leads
to the scaling form of the excess free energy density and
the critical Casimir force of the anisotropic system
fexs (t, L, {ρα},A) = L−dF ex(x˜, {ρα}, A¯), (4.12)
F ex(x˜, {ρα}, A¯) = F (x˜, {ρα}, A¯)− F±b (x˜), (4.13)
FCas(t, L, {ρα},A) = L−dX(x˜, {ρα}, A¯), (4.14)
X(x˜, {ρα}, A¯) = (d− 1)F ex(x˜, {ρα}, A¯)
− x˜
ν
∂F ex(x˜, {ρα}, A¯)
∂x˜
−
d−1∑
α=1
ρα
∂F ex(x˜, {ρα}, A¯)
∂ρα
. (4.15)
From previous studies at finite external field [86, 87] we
infer that the extension of (4.7) and (4.8) to finite h′ and
h has the structure
f ′s(t, h
′, L′, {ρα}, A¯) = L′−d F
(
x˜, x˜h, {ρα}, A¯
)
, (4.16)
fs(t, h, L, {ρα},A) = L−d F
(
x˜, x˜h, {ρα}, A¯
)
, (4.17)
where we have used
h′ (L′/ξ′c)
βδ/ν = h (L/ξ¯c)
βδ/ν ≡ x˜h (4.18)
as follows from (2.11) and (2.32). Thus the same finite-
size scaling function F determines both f ′s and fs, i.e.,
the shear transformation does not change the structure
of the scaling function but changes the form of its scaling
arguments according to (4.9) and (4.18). The dependence
on ρα and A¯ remains unchanged. As noted for the bulk
properties in Sec. II, there exist two parameterizations
(i) and (ii) of A¯ in terms of the couplings Ki,j or of the
ratios of the correlation-length amplitudes ξ
(α)
0+ .
Comparison with the Privman-Fisher scaling form (1.1)
shows that fs as given by (4.8), (4.10), and (4.17) violates
two-scale-factor universality, as noted already in [10–14,
31]. In addition to the two nonuniversal metric factors,
C1 = (ξ¯0+)
−1/ν , C2 = (ξ¯c)
−βδ/ν , (4.19)
the scaling function F depends on the d(d+1)/2−1 inde-
pendent anisotropy parameters contained in A¯, contrary
to the requirement that “the metric factors C1 and C2
are the only nonuniversal system-dependent parameters
entering” [22]. For the violation of two-scale-factor uni-
versality it does not matter which parameterizations of
A¯ are used.
Nevertheless, some degree of universality is maintained
in the finite-size scaling function F , (4.10), in analogy to
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multiparameter universality for bulk properties discussed
in Sec. II. It is natural to expect that this feature can be
extended to weakly anisotropic confined systems, similar
to the earlier extension of two-scale-factor universality
from isotropic bulk systems [41–44] to isotropic confined
systems [22, 32]. In [11, 13] it was already hypothesized
that the scaling function F has universal features in that
it is valid not only for ϕ4 lattice models but also for
all weakly anisotropic systems with the same geometry,
the same BC, and the same matrix A¯ but no proof for
the validity of this hypothesis was given. As suggested
by the exact confirmation through the results for the
(d = 2, n = 1) universality class in (2.64) and (2.67)
and for reasons of consistency with the universal valid-
ity of the critical bulk relations (2.27)-(2.31) in terms of
correlation lengths, the parametrization (ii) in the form
of A¯
({ξ(α)0+ , e(α)}), (2.41), is required when F , (4.10), is
applied to systems other than ϕ4 models. Employing cor-
relation lengths rather than couplings in the description
of finite-size effects is in line with earlier representations
of F and X for anisotropic Gaussian, Ising, and spherical
models in film geometry [15, 23, 29, 31], see also Secs. V-
VII. With this specification of A¯, the previous hypothesis
of restricted universality for confined anisotropic systems
[11, 13] becomes identical with our present unified hy-
pothesis of multiparameter universality for both bulk and
confined anisotropic systems. As long as MC simulations
only of ϕ4 lattice models [56, 60] are used for testing the
validity of F , (4.10), both parametrizations (i) and (ii)
of A¯ can be employed. Support for the validity of multi-
parameter universality comes also from the approximate
agreement between ϕ4 theory [13, 75] and MC data for
the critical Binder cumulant of an anisotropic Ising model
[57, 59], as discussed in Sec. VII.
For systems with unknown bulk properties a meaningful
analysis of finite-size data is possible only after a study
of the bulk correlation function (Sec. II). The latter pro-
vides the information on the principal correlation lengths
ξ
(α)
0+ and ξ¯0+ needed for plotting of the finite-size data as
a function of the scaling variable depending on ξ¯0+. For
a comparison with the theoretical prediction (4.10), the
knowledge of the principal axes e(α) is required in or-
der to construct the anisotropy matrix A¯
({ξ(α)0+ , e(α)}),
(2.41), through U({e(α)}) and λ¯({ξ(α)0+ }), (2.23), enter-
ing the scaling function F . Examples will be given below.
Similar to the bulk case, we emphasize that the finite-size
scaling form (4.10) satisfying multiparameter universal-
ity still has a nonuniversal character as it is not only
a function of nonuniversal correlation-length amplitudes
through λ¯
({ξ(α)0+ }) but also exhibits a nonuniversal direc-
tional finite-size dependence through U
({e(α)}) similar
to that of the bulk case discussed in Sec. II, no matter
what kind of representation of λ¯ is used. The critical
Casimir amplitude X(0, {ρα}, A¯) is the most prominent
example of a nonuniversal quantity of weakly anisotropic
systems (see Fig. 2 below). In conclusion, the custom-
ary claim that the scaling function of the critical Casimir
force depends only on a few general and global proper-
ties is not valid for the subclass of anisotropic systems.
The numerical confirmation [54–56] of the ”universal”
scaling function X observed experimentally in isotropic
4He [52] was possible only because isotropic XY and ϕ4
lattice models [88] were chosen for the MC simulations.
For anisotropic models of the same universality class this
scaling function is changed significantly (Sec. V).
Our results for a finite block geometry with 0 < ρα <∞
include the case of a finite Ld−1‖ × L slab geometry by
setting ρα = ρ ≡ L/L‖ = L′/L′‖ > 0, α = 1, ..., d −
1 and replacing ρ¯ by ρ. The necessary substitution is
given in (4.31) and (4.32). The case of film geometry is
then obtained by letting ρ → 0 at finite L where (4.10)
becomes singular at x˜ = 0 corresponding to an unshifted
film critical point. This case will be separately discussed
in Secs. V and VI. Also the case of cylindrical geometry
can be described by setting Lα = L‖, α = 1, ..., d− 1 and
letting Ld → ∞ at finite L‖; this case was treated in
[12, 72] and will not be considered further in this paper.
We briefly comment on the result in Eq. (6.10) of [13]
which was restricted to the case n = 1 in hypercubic Ld
geometry in 2 < d < 4 dimensions. This result was ex-
pressed in terms of the scaling variable x˜ = t(L′/ξ′0+)
1/ν
of the transformed system which is equivalent to x˜ =
t(L/ξ¯0+)
1/ν according to (4.9). As discussed in Sec. V.
H of [1] for the isotropic case, our present result (4.10)
applied to n = 1 in a hypercubic geometry is a simplified
version of Eq. (6.10) of [13]. Our present result avoids
unsystematic terms which lead to an unreliable temper-
ature dependence well below Tc as mentioned in Sec. X.
A of [13], compare Fig. 17 of [13], Fig. 11 of [72], and
Fig. 11 of [1] for slab geometry, see also [89].
B. Two-dimensional anisotropy
At present it is not known how to perform quantitative
finite-size calculations for the ϕ4 model in two dimen-
sions. It was suggested [13], however, to incorporate a
two-dimensional anisotropy of the type shown in Fig. 11
(a) of [13] in a three-dimensional ϕ4 model. Here we
generalize and improve this suggestion. Consider a d = 2
ϕ4 lattice model with an anisotropy in the x-y plane de-
scribed by the matrix A2 =
(
a c
c b
)
where detA2 > 0
and A¯2 = A2/(detA2)
1/2. As an appropriate extension
to d = 3 we define the d = 3 anisotropy matrix
A3 =
(
A2 0
0 (detA2)
1/2
)
(4.20)
with detA3 = (detA2)
3/2. The reduced matrix is
A¯3 =
A3
(detA3)1/3
=
(
A¯2 0
0 1
)
(4.21)
which describes a three-dimensional system where the
two-dimensional anisotropy is incorporated without an
anisotropy in the z-direction. Now d = 3 ϕ4 theory can
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be employed in describing the anisotropy effects in the x-
y planes of this system which are expected to be similar
to those of the d = 2 system. This strategy was success-
fully employed previously [13, 75] for the example of the
Binder cumulant of the anisotropic d = 2 model of Sec.
II. E, (2.89). This issue is further discussed in Sec. VII.
C. Three-dimensional anisotropy
We consider two types (I) and (II) of anisotropic ϕ4
models on a three-dimensional simple-cubic lattice which
have a diagonal and a nondiagonal anisotropy matrix A,
respectively. According to (2.20), the diagonal matrix λ¯
can be represented in both cases as
λ¯ =
 ξ¯21 0 00 ξ¯22 0
0 0 ξ¯23
 (4.22)
with λ¯i = ξ¯
2
i ≡ (ξ(i)0+/ξ¯0+)2. The simplest realization of
type (I) is a model with NN couplings Kx = Ky ≡ K‖ =
J‖/a˜
2 and Kz ≡ K⊥ = J⊥/a˜2 with an anisotropy matrix
A(I) = 2
 J‖ 0 00 J‖ 0
0 0 J⊥
 , (4.23)
with eigenvalues λx = λy = 2J‖ > 0, λz = 2J⊥ > 0 and
detA(I) = 8J
2
‖J⊥. The eigenvectors are obviously par-
allel to the Cartesian axes. This implies U(I) = 1 and
A¯(I) = λ¯. We must distinguish two different bulk cor-
relation lengths ξ+‖(t) = ξ
‖
0+t
−ν and ξ+⊥(t) = ξ
⊥
0+t
−ν
above Tc. The mean correlation-length amplitude enter-
ing the scaling variable x˜, (4.9), is ξ¯0+ =
[
(ξ
‖
0+)
2 ξ⊥0+
]1/3
.
The reduced anisotropy matrix is
A¯(I) =
 (J‖/J⊥)1/3 0 00 (J‖/J⊥)1/3 0
0 0 (J⊥/J‖)
2/3

(4.24)
=
 (ξ
‖
0+/ξ
⊥
0+)
2/3 0 0
0 (ξ
‖
0+/ξ
⊥
0+)
2/3 0
0 0 (ξ⊥0+/ξ
‖
0+)
4/3

(4.25)
according to (2.19). This kind of anisotropy was stud-
ied in [15, 27, 31] where both representations were used.
There exists a large variety of different realizations of this
matrix structure if one allows for additional pair interac-
tions beyond nearest neighbors along the Cartesian axes.
In this case the couplings J‖ and J⊥ are replaced by a
sum of couplings without changing the structure of A(I).
An example of type (II) is a model with the same NN
couplings as in model (I) and a NNN coupling Kd =
Jd/a˜
2 along the diagonals in the x-y planes, as illustrated
in Fig. 11 of [13]. The anisotropy matrix is
A(II) = 2
 J‖ + Jd Jd 0Jd J‖ + Jd 0
0 0 J⊥
 . (4.26)
The eigenvalues λ1 = 2(J‖ + 2Jd), λ2 = 2J‖, λ3 = 2J⊥
are positive in the range − 12 < Jd/J‖ <∞, J‖ > 0, J⊥ >
0. There are three different principal bulk correlation
lengths ξ(i)(t) = ξit
−ν , i = 1, 2, 3 above Tc where we
use the abbreviation ξi ≡ ξ(i)0+. The mean correlation-
length amplitude entering the scaling variable x˜, (4.9),
is ξ¯0+ = (ξ1ξ2ξ3)
1/3. The eigenvectors of A(II) and the
ensuing matrices U and A¯(II) are
e(1) =
1√
2
 11
0
 , e(2) = 1√
2
 −11
0
 , e(3) =
 00
1
 ,
U =
1√
2
 1 1 0−1 1 0
0 0
√
2
 , (4.27)
A¯(II) = [R(1− s2)]−1/3
 1 s 0s 1 0
0 0 R
 , (4.28)
=
1
2(ξ1ξ2ξ3)2/3
 ξ
2
1 + ξ
2
2 ξ
2
1 − ξ22 0
ξ21 − ξ22 ξ21 + ξ22 0
0 0 2ξ23
 (4.29)
with the anisotropy parameter s, (2.92) with J ≡ J‖, and
[90]
R =
J⊥
J‖ + Jd
=
2λ3
λ1 + λ2
=
2ξ23
ξ21 + ξ
2
2
. (4.30)
In deriving (4.29) we have used (2.39), (4.22), and (4.27).
Similar to type (I) models , there exists a large vari-
ety of different realizations of type (II) models, without
changing the structure of (4.27)-(4.29). The representa-
tion (4.28) is appropriate for MC simulations of the ϕ4
model whereas (4.29) is appropriate for other models for
which ξ
(i)
0+/ξ¯0+ and e
(i) need to be identified. Possible
candidates are d = 3 fixed-length spin models with the
same couplings on the same lattice as for the ϕ4 model
(II). We conjecture that they have the same principal
directions and orthogonal matrix U as in (4.27). Our
conjecture is in conformity with the fact that it is valid
for the analogous d = 2 ϕ4 and Ising models discussed in
Sec. II. E.
D. Quantitative predictions
We consider a finite Ld−1‖ × L slab geometry with an
aspect ratio ρ = L/L‖ = L
′/L′‖. Then the sub-
stitutions ρ¯ → ρ, G0(x, {ρα}, A¯) → G0(x, ρ, A¯), and
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J0(x, {ρα}, A¯)→ J0(x, ρ, A¯) must be made with
G0(x, ρ, A¯) =
∫ ∞
0
dyy−1
{
exp
[−xy/(4pi2)]
×
[
(pi/y)d/2 − ρd−1Kd(y,Cρ)
]}
, (4.31)
J0(x, ρ, A¯) =
∫ ∞
0
dyy−1
{
exp
[−xy/(4pi2)]
×
[
ρ1−d(pi/y)d/2 −Kd(y,Cρ) + 1
]
− e−y
}
(4.32)
where the symmetric matrix Cρ has the elements
(Cρ)αβ =
 ρ
2A¯αβ for α, β 6= d,
ρ A¯αd for α 6= d, β = d,
A¯dd for α = d, β = d.
(4.33)
For models (I) and (II) we have the structure A =(
B 0
0 Add
)
with Add > 0 and with a (d − 1) × (d − 1)
symmetric (positive definite) submatrix B describing the
anisotropies in the “horizontal planes”. Correspondingly,
δK̂(k) = δK̂(q, p), has the long-wavelength form
δK̂(q, p) =
d−1∑
α,β=1
Bαβ qαqβ + Add p
2 +O(k4). (4.34)
The reduced anisotropy matrix A¯ is
A¯ = A/(detA)1/d =
(
B¯ 0
0 A¯dd
)
, (4.35)
B¯ = B/(detA)1/d, A¯dd = Add/(detA)
1/d. (4.36)
This case is described by (4.10) and (4.32) with the re-
placements
Kd(y,Cρ)→ Kd−1(ρ2y, B¯) K(A¯dd y), (4.37)
K(y) ≡ K1(y,1) =
∞∑
m=−∞
exp(−ym2), (4.38)
F (x˜, {ρα}, A¯)→ F (x˜, ρ, A¯), (4.39)
X(x˜, {ρα}, A¯)→ X(x˜, ρ, A¯) = (d− 1)F ex(x˜, ρ, A¯)
− x˜
ν
∂F ex(x˜, ρ, A¯)
∂x˜
− ρ∂F
ex(x˜, ρ, A¯)
∂ρ
. (4.40)
In the following we predict the effect of lattice anisotropy
on the Casimir force scaling function X of models (I) and
(II) for several cases.
1. Nonuniversal crossover from below to above Tc
For model (I) we use the abbreviation
R0 ≡ J⊥/J‖ = (ξ⊥0+/ξ‖0+)2 (4.41)
corresponding to K⊥/K‖ = γ
−2
0 = (ξ⊥/ξ‖)
2 in [27, 50].
We calculate the Casimir force scaling function from
(4.10)-(4.15), (4.32), and (4.37)-(4.40), of a system in
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FIG. 1: (Color online) Casimir force scaling function X,
(4.40), (4.10), (4.32) for d = 3, n = 2 in a slab geometry
with the aspect ratio ρ = 1/6 as a function of t(L/ξ0m)
1/ν .
Dashed and dot-dashed lines: anisotropic systems with the
matrix A¯(I)), (4.25), and the anisotropy parameter (4.41)
with R0 = 1.5 and R0 = 0.5, respectively, with ξ0m ≡ ξ¯0+,
(2.21). Solid line: isotropic systems with R0 = 1 as shown in
Fig. 3 (b) of [1], with ξ0m ≡ ξ0+.
the (n = 2, d = 3) universality class with the anisotropy
matrix A¯(I). The anisotropy effect for R0 = 0.5 and
R0 = 1.5 on the crossover from far below to far above Tc
is shown in Fig. 1 as a function of x˜ = t(L/ξ¯0+) in the
range −15 < x˜ < 15 for ρ = 1/6. For comparison the
isotropic result for R0 = 1 taken from Fig. 3 (b) of [1] is
also shown. The finite low-temperature values of X are
due to the Goldstone modes [1]. While the position of
the minima remains close to that for the isotropic case
R0 = 1, the depth of the minima as well as the magni-
tudes of the low-temperature Casimir forces are signif-
icantly changed by the anisotropy. Similar anisotropy
effects are predicted by our theory for n = 1 and n = 3.
This demonstrates the nonuniversality of the Casimir
force scaling function due to lattice anisotropy both in
the critical and noncritical regions.
2. Change of sign of the critical Casimir amplitude
due to anisotropy
From (4.5a)-(4.10) and (4.40) we obtain the Casimir am-
plitude in slab geometry at Tc
X(0, ρ, A¯) = (d− 1)F (0, ρ, A¯)− ρ∂F (0, ρ, A¯)/∂ρ, (4.42)
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FIG. 2: (Color online) Casimir amplitude at Tc for d = 3,
n = 1, (4.42)-(4.45), with the anisotropy matrix A¯(II), (4.28),
in a cubic (ρ = 1) geometry, (a) as a function of s, (2.92),
for R = 0.9, 1, 1.1 and (b) as a function of R, (4.30), for
s = 0, 0.4, 0.6. X(0, 1, A¯(II)) vanishes for the isotropic case
s = 0, R = 1 but not for the anisotropic case s 6= 0, R > 1.
F (0, ρ, A¯) = ρd−1
×
{
− u∗ [ϑ2,n(0)]2
[
36
d
+ 144
(n− 1)
dε
( 1
3d/2
− d
36
)]
+
n
2
ln
[
l˜2c [Γ(n/2)]
2/n
24pi2 ϑ2,n(0)
]
− ln
[1
2
Γ(n/4)
]
+
1
2
J0(l˜2c , ρ, A¯) +
n− 1
2
J0(l˜2c/3, ρ, A¯)
}
, (4.43)
l˜d/2c = 12u
∗1/2A
−1/2
d ϑ2,n(0) ρ
(d−1)/2, (4.44)
ϑ2,n(0) = Γ
(
(n+ 2)/4
)
/Γ
(
n/4
)
. (4.45)
From previous analytic and numerical work [65, 72] it
is known that the Casimir amplitude at Tc of isotropic
systems vanishes in a cubic geometry, i.e., for ρ = 1. The
Casimir amplitude at Tc has received particular attention
in the literature because of its alleged universality. It was
claimed that it depends only on a few general and global
properties of the system such as the bulk and surface
universality classes of the phase transition, the system
shape, and the boundary conditions. In [65] ”a general
argument” was given that the Casimir force vanishes at
Tc for ρ = 1 and becomes repulsive in periodic systems
for ρ > 1. In the following we show that this is not
generally valid for weakly anisotropic systems.
For the example of model (II), we show in Fig. 2 the
effect of the anisotropy on X, (4.42)-(4.45), in the n = 1
universality class in a cubic geometry for two cases: (i)
fixed R = 0.9, 1, 1.1 in the range −0.6 < s < 0.6 for
x˜ = 0, ρ = 1, (ii) fixed s = 0, 0.4, 0.6 in the range
0.5 < R < 1.5 for x˜ = 0, ρ = 1. We see that both
anisotropy parameters s and R affect the sign of the crit-
ical Casimir amplitude in a cubic geometry. In particular,
it does not vanish but becomes attractive (negative) for
R > 1, ρ = 1, T = Tc and, by continuity, remains at-
tractive for R > 1, ρ & 1, T = Tc. Clearly the absence or
presence of a NN or NNN coupling is a microscopic detail.
We conclude that our results invalidate the claim that
the critical Casimir amplitude does not depend on mi-
croscopic details. For this conclusion it does not matter
which kind of representation is chosen for the anisotropy
parameters s and R.
3. Change of sign of the low-temperature Casimir
amplitude due to anisotropy
It is of interest to present the analytic form of F ex and
X based on (4.10) in the region well below Tc (−x˜≫ 1).
The derivation is sketched in Appendix C of [1] for the
isotropic case. For the anisotropic case, the correspond-
ing result can be obtained from I (5.14)-I (5.16) after
replacing G0(x, ρ) and J0(x, ρ) by G0(x, ρ, A¯), (4.31) and
J0(x, ρ, A¯), (4.32), respectively.
As discussed in [1] for the isotropic case, the low-
temperature behavior differs fundamentally depending
on wether Goldstone modes are absent (n = 1) or present
(n > 1). For n = 1 we obtain the leading behavior for
large negative x˜
X(x˜, ρ, A¯) ≈ 1
2
[
(d− 1)− (x˜/ν) ∂/∂x˜
−ρ ∂/∂ρ
]
G0((2|x˜| Q∗)2ν , ρ, A¯) (4.46)
with a vanishing low-temperature limit
lim
x˜→−∞
X(x˜, ρ, A¯) = 0. (4.47)
For n > 1, ρ > 0, X has the following finite low-
temperature limit in a finite volume
X(−∞, ρ, A¯) =
−[(n− 1)/2] ρd−1[1 + ρ∂J0(0, ρ, A¯)/∂ρ]. (4.48)
where A¯
({ξ(α)0T , e(α)}), (2.55), may be used. The finite
value of X(−∞, ρ, A¯) reflects the effect of the long-range
fluctuations induced by the Goldstone modes. From
(4.48) we obtain the amplitude per component in the
large-n limit in agreement with the exact result (6.13).
We note that (4.48), divided by n − 1, is not identi-
cal with the Gaussian critical amplitude XG(0, ρ, A¯)/n,
(A.9), unlike the case of film systems for n > 1 (Sec. V).
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FIG. 3: (Color online) Low-temperature Casimir amplitude
X−(−∞, ρ, A¯(II)) ≡ X0(ρ), (4.48), divided by n−1, with the
matrix (4.28) and anisotropy parameters s, (2.92), and R,
(4.30), in a d = 3 slab geometry as a function of the aspect
ratio ρ. Solid line: isotropic systems with s = 0, R = 1 (Fig.
5 of [1]). Dashed and dot-dashed lines: anisotropic systems
with s = 0.5, R = 1 and s = 0.5, R = 1.1. X0(ρ) vanishes at
different values of ρ depending on the anisotropy parameters.
These curves are exact for n→∞, see (6.13).
For the example of model (II), a comparison of the am-
plitude (4.48) divided by n − 1 for isotropic (solid line)
and anisotropic systems (dashed and dot-dashed lines) is
shown in Fig. 3 where the amplitude is plotted for d = 3
as a function of the aspect ratio ρ. According to (4.48)
our theory predicts a vanishing of the low-temperature
Casimir amplitude for general 1 < n ≤ ∞ in a slab ge-
ometry if the condition
ρ ∂J0(0, ρ, A¯)/∂ρ = −1 (4.49)
is satisfied. This condition is approximate for finite n but
becomes exact in the limit n → ∞ according to (6.13).
For finite n, we expect model-dependent corrections at
low temperatures in a more complete theory. The de-
pendence on A¯ implies that the anisotropy has a signif-
icant macroscopic effect: it may affect the sign of the
Casimir force in finite systems at low temperatures. The
Casimir force vanishes in the isotropic case at ρ = 0.8567
(solid line in Fig. 3) whereas in the anisotropic exam-
ples considered in Fig. 3 it vanishes at the nonuniver-
sal values ρ = 0.9237 (dashed line) and ρ = 0.9683
(dot-dashed line), respectively. We conclude that the
low-temperature Casimir amplitude X(−∞, ρ, A¯) is a
nonuniversal quantity for which lattice anisotropy plays
a significant role. Our quantitative predictions can be
tested by MC simulations for spin models in the XY
(n = 2) and Heisenberg (n = 3) universality classes.
V. PERTURBATION THEORY FOR FILM
GEOMETRY
Our lowest-mode separation approach is not applicable
to an ∞d−1 × L film geometry where no single lowest
mode exists. For this reason the scaling functions for
isotropic film systems were derived in [1] by taking the
film limit ρ→ 0 at fixed L. Here we show that the same
result is obtained by renormalized perturbation theory in
the sense of an expansion around bulk mean field theory
based on the decomposition
ϕj =Mmf + sj (5.1)
where Mmf is the the bulk mean-field order parameter.
The result is expected to be identical with the film limit
ρ→ 0 of the results of Sec. IV. In comparison to previous
work for films at finite n with periodic BC [15, 46, 50, 64],
the progress achieved here is the derivation of the scaling
functions for general n below Tc and the description of
anisotropy effects above and below Tc.
Using the decompostion (5.1) we obtain the free energy
density of the film system at h = 0 in one-loop order as
ffilm(t, L) =
1
2
r0M
2
mf + u0M
4
mf
−n ln(2pi)
2a˜d
+
1
2L
∑
p
∫
q
ln{[rmfL + δK̂(q, p)]
+
n− 1
2L
∑
p
∫
q
ln{[rmfT + δK̂(q, p)] +O(u0) (5.2)
with k ≡ (q, p). Here ∫
q
is a (d− 1) dimensional integral
with finite lattice cutoff [see (2.78)]. The one-dimensional
sum
∑
p runs over p = 2pim/L,m = 0,±1,±2, ... up to
±pi/a˜. No spurious Goldstone divergence of the film free
energy arises at our level of approximation due to the
continuous mode spectrum with respect to the horizontal
wave vector q. At h = 0, we have M2mf = 0, r
mf
L =
rmfT = r0 for r0 ≥ 0 and M2mf = −r0/(4u0), rmfL =
−2r0, rmfT = 0 for r0 ≤ 0, respectively. This leads to the
excess free energy density for n ≥ 1, d > 1
fex,+film (t, L,A) =
n
2
∆film(r0, L,A) + O(u0), (5.3)
fex,−film (t, L,A) =
1
2
∆film(−2r0, L,A)
+
n− 1
2
∆film(0, L,A) + O(u0),(5.4)
where the function ∆film(r0, L,A) is defined in I (6.5).
These expressions are singular at r0 = 0 for finite L
corresponding to an unshifted film critical point. In an
exact theory, an L-dependent critical value r0c,film(L)
corresponding to 0 < Tc,film(L) < Tc should occur for
n = 1, d > 2, for n = 2, d ≥ 3, and for n > 2, d > 3.
Our one-loop approximation does not capture this L-
dependent shift. Similarly, no such a shift was captured
in earlier work [15, 46, 50, 64]. For an exact calculation
of this shift in the large-n limit for d > 3 see Sec. VI.
The shear transformation discussed in Sec. II preserves
the film geometry except that the thickness L is trans-
formed to a different thickness L¯ of the transformed
isotropic film which is given by Eq. (2.48) of [15]. Con-
trary to naive expectation, it is not L¯ but rather [10]
L˜ = [(A−1)dd]
1/2L (5.5)
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that will appear in all results for the excess free energy
for film geometry. Here (A−1)dd denotes the dth diago-
nal element of the inverse of the matrix A. The length L˜
represents the distance between those points on the op-
posite surfaces in the transformed film system that are
connected via the periodicity requirement [10, 15].
It is of interest to first consider the low-temperature limit
r0 → −∞ which has nothing to do with critical phenom-
ena and for which no RG theory is necessary. Since the
longitudinal part of (5.4) decays exponentially, fex,−film van-
ishes for n = 1 in this limit. For n > 1 the Goldstone
modes yield a finite amplitude [compare (A.18), I (5.32]
lim
r0→−∞
fex,−film (t, L,A) =
n− 1
2
∆film(0, L,A) (5.6)
= −(detA)−1/2L˜−d(n− 1) pi−d/2Γ(d/2)ζ(d), (5.7)
where L˜≫ a˜ is assumed. Employing the physical length
L of the original anisotropic film we obtain the low-
temperature Casimir amplitude
Xfilm,−∞(A¯) = −Ld lim
r0→−∞
∂[Lfex,−film ]/∂L
= −[(A¯−1)dd]−d/2 (n− 1)(d− 1)pi−d/2Γ(d/2)ζ(d) (5.8)
for n > 1, d > 1 with (A¯−1)dd = (detA)
1/d(A−1)dd. We
hypothesize, in the spirit of multiparameter universality,
that the result (5.8) derived within the ϕ4 theory is more
generally valid for weakly anisotropic O(n)-symmetric
film systems with periodic BC in the low-temperature
limit after the substitution of A¯
({ξ(α)0T , e(α)}), (2.55). We
indeed obtain from (5.8) the correct Casimir force ampli-
tude per component in the large-n limit in agreement
with the exact result (6.18) and I (6.16). We recall, how-
ever, that (5.8) has been derived within a one-loop ap-
proximation. For finite n we expect model-dependent
corrections to (5.8). Eq. (5.8), divided by n− 1, is iden-
tical with the Casimir amplitude XGfilm(0, A¯)/n, (A.23),
of the Gaussian film system at Tc, compare I (5.33).
Now we turn to the temperature dependence. For L/a˜≫
1, 0 ≤ a˜r1/2 ≪ 1, 0 ≤ Lr1/2 . O(1) the function
∆film(r, L,A) is given by
∆film(r, L,A) = (detA)
−1/2L˜−d G0,film
(
rL˜2
)
, (5.9)
as follows from (A.10),(A.18), compare also I (6.6) for
the isotropic case. To obtain the correct scaling form
it is necessary to renormalize fex,±film (t, L,A). First we
may replace r0 by r0 − r0c in the spirit of perturbation
theory up to O(1). The resulting quantity will be denoted
by fex,±film (r0 − r0c, u0, L,A). It is related to f ′ex,±film (r0 −
r0c, u
′
0, L
′, A¯) of the transformed isotropic film system by
fex,±film (r0 − r0c, u0, L,A)
= (detA)−1/2f ′ex,±film (r0 − r0c, u′0, L′, A¯). (5.10)
The quantity f ′ex,±film has no additive pole terms for ε→ 0
and is multiplicatively renormalizable with the same bulk
Z factors as used in Sec. II. C. The renormalized film
excess free energy density of the transformed system is
f ′ex,±R,film(r
′, u′, L′, µ, A¯)
= f ′ex,±film (Zr′r
′, µεZu′Z
−2
ϕ′ A
−1
d u
′, L′, A¯) (5.11)
for 2 < d < 4 [compare (3.29)]. After integration of the
RGE we choose the flow parameters l+ and l− according
to (3.38) which leads to
f ′ex,+R,film(r
′, u′, L′, µ, A¯) =
n
2
L˜−dG0,film
(
µ2l2+L˜
2
)
,(5.12)
f ′ex,−R,film(r
′, u′, L′, µ, A¯)
=
L˜−d
2
[
G0,film
(
µ2l2−L˜
2
)
+ (n− 1) G0,film
(
0
)]
, (5.13)
L˜ = [(A¯−1)dd]
1/2L′, (5.14)
with L′ = L/(detA)1/(2d). The choice µ−1 = ξ′0+ [see
(2.81)] implies the scaling variable t(L˜/ξ′0+)
1/ν for the
transformed isotropic film system. Neglecting nonasymp-
totic corrections to scaling we obtain the scaling form of
the excess free energy of the transformed isotropic film
and of the original anisotropic film, respectively,
f ′ex,±R,film = L
′−dF ex,±film (x˜⊥, A¯), (5.15)
fex,±R,film = L
−dF ex,±film (x˜⊥, A¯). (5.16)
Here the scaling variable x˜⊥ can be expressed in two
different ways, similar to the case of block geometry,
x˜⊥ = t(L˜/ξ
′
0+)
1/ν = t(L/ξ⊥0+)
1/ν , (5.17)
ξ⊥0+ = [(A
−1)dd]
−1/2ξ′0+, (5.18)
where (5.18) follows from (5.5). The appropriate scal-
ing variable for the anisotropic film is t(L/ξ⊥0+)
1/ν whose
natural reference length ξ⊥0+ turns out to be the ampli-
tude of the bulk correlation length ξ(d) = ξ
⊥
0+t
−ν above
Tc in the dth direction, i.e., in the direction perpendic-
ular to the film boundaries. This interpretation follows
from considering the bulk correlation function (2.34) by
choosing x as xe = xeed, ed = (0, ..., 0, 1) in the dth
direction. Requiring
|λ¯−1/2Uxe|/ξ¯+ = |xe|/ξ(d) (5.19)
we obtain
|λ¯−1/2Uxe| = [(λ¯−1/2Uxe) · (λ¯−1/2Uxe)]1/2
= [xe · (A¯−1xe)]1/2 = [ed · (A¯−1ed)]1/2|xe| (5.20)
where ed · (A¯−1ed) = (A¯−1)dd. Thus (5.19) yields
[(A¯−1)dd]
1/2/ξ¯+ = 1/ξ(d). According to (2.21) this is
equivalent to
ξ⊥0+ = [(A¯
−1)dd]
−1/2 ξ¯0+ = [(A
−1)dd]
−1/2ξ′0+, (5.21)
which confirms (A.22) and the interpretation given
above. Obviously ξ⊥0+ is a nonuniversal quantity whose
magnitude depends on the orientation of the film bound-
aries relative to the ellipsoidal shape of the correla-
tion volume. The latter is determined by the intrinsic
anisotropy which is totally unrelated to the film orienta-
tion. In contrast to L˜ and ξ′0+, the physical lengths L
and ξ⊥0+ of the anisotropic systems are directly measur-
able quantities.
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FIG. 4: (Color online) Scaling function Xfilm in a film (∞
2×
L) geometry (ρ = 0) as a function of t(L/ξ0f )
1/ν for n = 2.
Solid line: isotropic system from Fig. 8 (d) of [1] with ξ0f ≡
ξ0+. Dashed line: from (5.22)-(5.25) with the matrix A¯(I),
(4.25), and the anisotropy parameter R0 = 1.5, (4.41), with
ξ0f ≡ ξ
⊥
0+, (5.18). Dot-dashed line: vortex-loop theory [50]
without anisotropy effect. MC data for the d = 3 isotropic
XY model from [56] for ρ = 0.01.
From (5.12)-(5.16) we obtain the scaling functions of the
anisotropic film system
F ex,±film (x˜⊥, A¯) = [(A¯
−1)dd]
−d/2 F ex,±film,iso(x˜⊥) (5.22)
FCas,film(t, L,A) = L
−d [(A¯−1)dd]
−d/2 X±film,iso(x˜⊥)(5.23)
where F ex,±film,iso and X
±
film,iso are the scaling functions of
the isotropic film given by I (5.29)- I (5.31) which here,
however, have a different scaling argument x˜⊥ that is af-
fected by anisotropy. Eq. (5.23) contains (5.8) as the lim-
iting case x˜⊥ → −∞. The different behavior of F ex,±film,iso
and X±film,iso for n = 1 and n > 1 is discussed in [1]. The
scaling functions of the anisotropic film are described in
terms of the same function G0,film that appears also in
the isotropic case [1]. This is the consequence of the
fact that the shear transformation preserves the film ge-
ometry, but with a changed thickness determined by the
anisotropy. In conclusion, even for the idealized∞d−1×L
film geometry the Casimir force scaling function is af-
fected by up to d(d+1)/2−1 nonuniversal anisotropy pa-
rameters, in addition to the thermodynamic length scale
ξ′0+ contained in x˜⊥. In particular, the critical Casimir
amplitude C0X
±
film,iso(0) with the nonuniversal prefactor
C0 = [(A¯
−1)dd]
−d/2 is a nonuniversal quantity, in con-
trast to the universal number Xc in (1.3) predicted by
two-scale-factor universality [22]. With the parametriza-
tion (ii) of A¯
({e(α)}, {ξ(α)0+ }), multiparameter universal-
ity replaces two-scale-factor universality for anisotropic
film systems. As noted in [1], our theory does not yield
reliable results for d→ 2. In particular it does not repro-
duce the results obtained for the d = 2 anisotropic Ising
model in a (∞× L) strip geometry [23, 29, 91].
As an application to d = 3 we consider model (I) with
the anisotropy matrix A¯(I), (4.24), and the anisotropy
parameter R0, (4.41). Since [A¯
−1
(I)]33 = R
−2/3
0 we obtain
the scaling functions
F ex,+film (x˜⊥, A¯(I)) =
n
2
R0 G0,film
(
Q∗2ν x˜2ν⊥
)
, (5.24)
F ex,−film (x˜⊥, A¯(I)) = (1/2) R0
{
G0,film
(
Q∗2ν |2x˜⊥|2ν
)
+(n− 1) G0,film(0)
}
, (5.25)
[compare I (5.29) and I (5.30)] with the critical and the
low-temperature Casimir amplitudes, respectively,
Xfilm,c = nR0 G0,film(0), (5.26)
Xfilm,0 = (n− 1)R0 G0,film(0). (5.27)
We illustrate these results by comparing in Fig. 4 the
Casimir force scaling function X±film of isotropic systems
(solid line) with that of anisotropic systems (dashed line)
obtained from (5.24) and (5.25) for R0 = 1.5 and n = 2.
Also shown are MC data for the isotropic d = 3 XY
model from [56] for ρ = 0.01. The anisotropy causes
a sizable nonuniversal effect on the shape of the scaling
function X that should be detectable in MC simulations.
Correspondingly we predict that the ”universal” Casimir
force scaling function observed in isotropic superfluid 4He
films [52] and calculated in isotropic XY and ϕ4 models
with Dirichlet BC [46, 53–56, 61, 64] is different from the
scaling function of weakly anisotropic models with the
same BC in the same bulk universality class.
The structure of (5.22) and (5.23) becomes exact in the
large-n limit for d ≤ 3 (see [10] and (6.17), (6.18) be-
low). The results (5.16)-(5.27) are expected to be reli-
able for |t|(L/ξ⊥0+)1/ν & O(1) for d = 3 as supported by
the comparison of our isotropic theory with the MC data
for ρ ≪ 1 in Fig. 4. Close to Tc, however, they exhibit
the following shortcomings: (i) for n = 1 and n = 2 they
do not capture an L-dependent shift of the film critical
temperature Tcf(L); (ii)) for n = 1 and n = 2, they do
not reproduce the correct analytic form of the weak sin-
gularities that are expected [55] for Ising- and XY -like
film systems at Tcf ; (iii) a singular (cusp-like) behavior
of F ex,±film at x˜⊥ = 0 is present in (5.24) and (5.25) even for
n > 2, d = 3 where no singularity at all should exist at
finite T in film geometry. These shortcomings also exist
in isotropic theories of the Casimir force in film geometry
with periodic BC [15, 46, 50, 64]. They are avoided in
our lowest-mode separation approach where no artificial
singularities are present (Fig. 1). For a comment on the
dot-dashed curve in Fig. 4 see Sec. VII.
VI. LARGE-n LIMIT
The exact treatment of the ϕ4 theory in large-n limit
provides an important test for approximate results at fi-
nite n. Here we extend previous exact results [1, 10, 13,
72, 92, 93] by incorporating the results of the preceding
sections with regard to anisotropy effects. The singular
part fˆs of the exact free energy density per component
fˆ = limn→∞ f/n of the ϕ
4 lattice model in the limit
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n→∞ at fixed u0n in a block geometry reads
fˆs(t, {Lα},A) = (r0 − r0c)χˆ
−1
8u0n
− χˆ
−2
16u0n
+(1/2) Î3(χˆ−1,A) + (1/2) ∆(χˆ−1, {Lα},A), (6.1)
χˆ(t, {Lα},A)−1 = r0 − r0c + 4u0n∂Î3(χˆ−1,A)/∂χˆ−1
+ 4u0n∂ ∆(χˆ
−1, {Lα},A)/∂χˆ−1, (6.2)
where Î3 is defined in I (3.5d). For 0 ≤ χˆ−1a˜2 ≪ 1,
2 < d < 4, and detA > 0 it is evaluated as
Î3(χˆ−1,A) = −2(detA)−1/2Ad χˆ−d/2/(dε), (6.3)
compare I (3.6). For the finite-size contribution ∆ see
(3.12) and (3.13). For small χˆ−1, the terms χˆ−1 in (6.2)
and ∝ χˆ−2 in (6.1) are negligible. The remaining terms
can be expressed in terms of P (xˆ, {ρα}, A¯) = Lχˆ−1/2 and
Fˆ (xˆ, {ρα}, A¯) = Ldfˆ for 2 < d < 4 as
Fˆ (xˆ, {ρα}, A¯) = Ad
2ε
[
xˆP 2 − 2
d
P d
]
+
1
2
G0(P 2, {ρα}, A¯), (6.4)
P d−2 = xˆ− ε
Ad
G1(P 2, {ρα}, A¯), (6.5)
G1(P 2, {ρα}, A¯) = −∂G0(P 2, {ρα}, A¯)/∂P 2 (6.6)
with the scaling variable (compare (4.9))
t(L′/ξ′0)
1/ν∞ = t (L/ξ¯0)
1/ν∞ ≡ xˆ, (6.7)
where ν∞ = (d−2)−1, L′ = L/(detA)1/(2d), L ≡ Ld, and
ξ¯0 = (detA)
1/(2d)ξ′0 with [compare I (6.12)]
ξ′0 = [4u
′
0nAd/(a0ε)]
1/(d−2). (6.8)
For G0 see (3.14)-(3.16). The scaling function Fˆ ex =
Fˆ − Fˆb∞ of the excess free energy density is obtained
by subtracting the bulk part Fˆb∞ given in I (6.14). The
Casimir force scaling function Xˆ follows from (4.15) as
Xˆ(xˆ, {ρα}, A¯) = Ad
ε
[1
2
xˆP 2 − d− 1
d
P d
]
+Fˆb∞(xˆ)− ρ¯
d−1
2
d−1∑
α=1
ρα
∂J0(P 2, {ρα}, A¯)
∂ρα
(6.9)
where J0 is given by (3.18). For an application to slab
geometry the substitutions of Sec. IV. D should be made.
For an isotropic system this yields (A8) and (A9) of [1].
The critical Casimir amplitude in a slab geometry is
Xˆ(0, ρ, A¯) = −Ad(d− 1)
dε
P dc −
ρd
2
∂J0(P 2c , ρ, A¯)
∂ρ
(6.10)
with J0(P 2c , ρ, A¯) given by (4.32) where Pc ≡ Pc(ρ, A¯) is
determined by
P d−2c = − (ε/Ad) G1(P 2c , ρ, A¯) . (6.11)
For −xˆ≫ 1 we find the low-temperature behavior
Fˆ ex,−(xˆ, {ρα}, A¯) ≈ (1/2)ρ¯ d−1
{
− ln |2xˆ| − 1
+ ln
[
ερ¯ d−1/(2pi2Ad)
]
+ J0(0, {ρα}, A¯)
}
. (6.12)
Unlike Fˆ ex,−, Xˆ has a finite limit for xˆ→ −∞. In a slab
geometry it is
Xˆ(−∞, ρ, A¯) = −1
2
ρd−1
[
1 + ρ∂J0(0, ρ, A¯)/∂ρ
]
. (6.13)
Both the critical and the low-temperature Casimir am-
plitudes are nonuniversal as they depend on the nonuni-
versal anisotropy matrix A¯, as demonstrated in Fig. 3
for model (II). For isotropic systems (6.12) and (6.13)
agree with Eqs. (3.17) and (3.21) of [72].
In an anisotropic ∞d−1 × L film system, (6.1) and
(6.2) are replaced by I (6.3) - I (6.5), where now
the quantities fˆfilm(t, L,A), χˆf (t, L,A), Î3(χ−1f ,A), and
∆film(χˆ
−1
f , L,A) depend on A. The function ∆film is
evaluated in (5.9), thus
∂ ∆film(r, L,A)/∂r = − L˜
2−d
(detA)1/2
G1,film(rL˜2),(6.14)
compare I (6.6) - I (6.8) and Eq. (3.11) of [72]. The
treatment is parallel to that for the isotropic case in Sec.
VI of [1] and in Sec. II of [72], except that the length L˜
appears instead of L. As a consequence, the appropriate
scaling variable for the anisotropic film system is
xˆ⊥ = t(L˜/ξ
′
0)
1/ν∞ = t(L/ξ⊥0 )
1/ν∞ , (6.15)
ξ⊥0 = [(A
−1)dd]
−1/2ξ′0, (6.16)
where ξ⊥0 is the amplitude of the bulk correlation length
above Tc in the direction perpendicular to the film bound-
aries, see (5.17) and the subsequent discussion. The re-
sults for Fˆfilm = L
dfˆfilm and Xˆfilm = L
dFˆCas,film of the
anisotropic film system read
Fˆfilm(xˆ⊥, A¯) = [(A¯
−1)dd]
−d/2Fˆfilm,iso(xˆ⊥) (6.17)
Xˆfilm(xˆ⊥, A¯) = [(A¯
−1)dd]
−d/2Xˆfilm,iso(xˆ⊥) (6.18)
where Fˆfilm,iso and Xˆfilm,iso are the scaling functions of
the isotropic film given by I (6.9) - I (6.26) which here,
however, have a different scaling argument xˆ⊥ that is
affected by anisotropy through the correlation length ξ⊥0 .
As shown in [1] it is necessary to distinguish the case
d ≤ 3 from the case d > 3 where a finite shift of the
reduced film critical temperature tcf < 0 exists. In the
anisotropic system for d > 3, the film transition occurs
at xˆ⊥ = x
∗ where x∗ = (ε/Ad)G1,film(0) is the same
as given in I (6.18) for the isotropic system, in accor-
dance with multiparameter universality. Nonuniversality
enters, however, the definition of the scaling variable xˆ⊥,
(6.15), and the fractional shift
tcf = [Tcf (L)− Tc]/Tc = x∗(L/ξ⊥0 )−1/ν∞ < 0 (6.19)
of the film critical temperature which differs from the
shift I (6.19) in the isotropic case by the correlation
length ξ⊥0 . It is obvious that the same kind of nonuni-
versal anisotropy effect should occur in film systems of
the (n = 1, d > 2) and (n = 2, d ≥ 3) universal-
ity classes with realistic BC. Thus the comments on
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Figs. 4, 6, 13, and 15 in [55] on the ”universal val-
ues” of x∗ should be complemented by an information
about the anisotropy-dependent fractional shift of Tc in
anisotropic films. In particular we predict that this effect
occurs in superconducting films which should exhibit an
anisotropy-dependent fractional shift of the Kosterlitz-
Thouless transition different from that in isotropic su-
perfluid 4He films. Also the location and depth of the
minimum of the Casimir force scaling function should be
be changed by anisotropy. This implies that it is not
possible to predict the Casimir force scaling function of
anisotropic superconducting films only on the basis of the
known scaling function for superfluid 4He films, without
additional experimental input with regard to the princi-
pal axes and correlation lengths. This clearly underscores
the impact of nonuniversality on observable properties in
weakly isotropic systems within the same bulk universal-
ity class.
VII. COMPARISON WITH EARLIER RESULTS
(i)Vortex-fluctuation theory. It was pointed out in [50]
that a Casmir force should occur in anisotropic super-
conducting films. A quantitative prediction of the scal-
ing function X was presented for T ≤ Tc for the case of
periodic BC but no anisotropy effect on X was found, in
disagreement with our prediction in Sec. V. The result of
[50] is shown in Fig. 4 as dot-dashed line. No derivation
of this result was given but an earlier vortex-fluctuation
theory for the anisotropic XY model [27] was invoked
where it was shown that the critical exponents are un-
changed by anisotropy, as expected. It is not proven in
[27], however, that asymptotic amplitudes, in particular
that of the excess free energy density, remain unaffected
by anisotropy. A counterexample is the fully anisotropic
d = 3 Ising model in a L × L ×∞ geometry whose sin-
gular part of the free energy density was found to de-
pend on lattice anisotropy [26]. Therefore we consider as
unjustified the conclusion [27] that ”anisotropy is irrel-
evant”. This conclusion also contradicts the established
RG classification [22] of lattice anisotropy as a marginal
perturbation. Thus we consider as unfounded the claim
that the Casimir force scaling function in anisotropic su-
perconducting films is ”essentially the same” [50] as in
isotropic 4He films. More specifically, it was noted in a
Comment that the ”noncritical” Goldstone part was not
taken into account in [50]. In our result for F ex,−film below
Tc, (5.25), the constant Goldstone part is represented by
the transverse contribution proportional to n − 1. Thus
our remaining longitudinal contribution which carries the
temperature dependence (the first term on the right-hand
side of (5.25)) is to be compared with the prediction of
[50]. Although the shape of our longitudinal term resem-
bles that of the result of [50] (dot-dashed line in our Fig.
4) its magnitude is strongly dependent on the anisotropy
parameter R0 as shown by the dashed line, in disagree-
ment with the vortex-loop theory. Thus it would be
highly desirable to test these predictions by MC simu-
lations for the anisotropic XY model.
(ii)Scaling functions in film geometry. The structure of
our scaling functions for finite n, (5.22), (5.23), and in
the large-n limit, (6.17),(6.18), agrees with the structure
of exact results [10, 15, 31] and of phenomenological re-
sults [29] for general d. In [10, 15, 31] this structure was
asserted to violate two-scale-factor universality, in con-
trast to the opposite claim in [29]. No comparison was
made in [29] with the earlier results [10, 15, 31]. In the
following we show that the claim of [29] is not correct.
Two representations of the free energy scaling form were
given in [29] for film geometry in d dimensions: (a) Eqs.
(110) and (134), (b) Eq. (117). Both forms (a) and
(b) agree with multiparameter universality but violate
two-scale-factor universality. The form (a) depends on
the system-dependent quantity A¯ which violates the re-
quirement [22] that the metric factors C1 and C2 are the
only nonuniversal, system-dependent parameters enter-
ing (1.1). The form (b) has the system-dependent pref-
actor C0 = (nˆ
T A¯−1nˆ)−d/2 = [(A¯−1)dd]
−d/2, in disagree-
ment with the requirement [22] that no such prefactor
should exist. The claim after Eq. (134) of [29] that no
new nonuniversal factor needed to be introduced as com-
pared to the isotropic scaling form (1.1) disagrees with
Eq. (117) of [29] where the nonuniversal prefactor C0
appears explicitly in front of Fiso(x˜).
If two-scale-factor universality is claimed to be valid for
the confined anisotropic system it is necessary to verify
the consistency of this claim with the scaling forms of
the bulk system [22, 32, 44]. In [29] no such bulk scaling
forms for the free energy density and for the correlation
function of anisotropic systems were given. Here we de-
termine the singular part fˆb,s of bulk free energy density
that follows from our exact result (6.15), (6.17), and I
(6.9) - I (6.14) in the large-n limit. Taking the bulk limit
L→∞ at fixed t > 0 we obtain for 2 < d < 4
fˆb,s = lim
L→∞
L−d[(A¯−1)dd]
−d/2Fˆfilm,iso(xˆ⊥) (7.1)
= Y∞
[ d∏
α=1
ξ
(α)
0
]−1
tdν∞ = A1t
dν∞ (7.2)
where ξ
(α)
0 are the amplitudes of the principal correla-
tion lengths and Y∞ is a universal constant [see I (6.14)].
The form (7.2) violates two-scale-factor universality for
reasons given after (2.61). This confirms that also Eq.
(117) of [29] in inconsistent with two-scale-factor univer-
sality for the bulk system. This is the consequence of the
nonuniversal prefactor C0.
In [29] it is stated that the correlation lengths ξ
(α)
0+ are
nonuniversal quantities but it is suggested to call a quan-
tity universal if it depends on ξ
(α)
0+ through A¯. In this
terminology, A¯ is a universal quantity if it is expressed
in terms of correlation lengths. We consider this termi-
nology as selfcontradictory since a function of a nonuni-
versal quantity is a nonuniversal quantity. In particular,
microscopic details, such as the presence or absence of a
NNN coupling, cause a significant change of this quan-
tity A¯ which is incompatible with the meaning of uni-
versality. In [29] it is argued that quantities depending
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on A¯ depend ”only on macroscopic near-critical corre-
lation lengths”. The dependence on the principal axes,
whose orientation is a system-dependent, i. e., nonuni-
versal feature, is ignored in [29], and it is overlooked that
quantities may be nonuniversal even if they are macro-
scopic and near-critical. For example, the amplitude A1
in (2.27) and (7.2) determining the critical specific-heat
amplitude is a function of macroscopic near-critical corre-
lation lengths. It is well established that this amplitude is
nonuniversal for both isotropic and anisotropic systems.
(iii) Phenomenological conjectures. In [29] the critical
behavior of anisotropic d-dimensional film systems is dis-
cussed. In Eqs. (95) and (96) of [29], where S and R
correspond to our λ¯
−1/2
and U, the shear transforma-
tion of the ϕ4 theory [10, 11, 13] is adopted in a mod-
ified form which corresponds to x′ = λ¯
−1/2
Ux, instead
of (2.7), and to δK̂ ′(k′) = c′0k
′2 + O(k′4) with a mod-
ified coefficient c′0 6= 1, instead of (2.12) with c′0 = 1.
This modification has no impact on observable proper-
ties. The coefficient c′0 is a dummy parameter of the
primed theory since any coefficient c′0 6= 1 is canceled in
all quantities of the anisotropic system, in particular in
the matrix A¯ and in the matrix Ξ in Eq. (97) of [29]
which corresponds to (ξ¯±)
2A¯ of the ϕ4 theory. Thus,
within the ϕ4 theory, the modified shear transformation
of [29] is essentially the same as the shear transformation
with c′0 = 1 and leads to the same matrix (2.41). While
it is established within ϕ4 theory [10, 11, 13] that weakly
anisotropic systems are related to isotropic systems by
a shear transformation, no analytic foundation is given
in [29] for extending this property to weakly anisotropic
systems in d dimensions other than ϕ4 models. More
specifically, no Hamiltonian, partition function, or corre-
lation functions are presented in [29] that provide a basis
for a definition of the correlation lengths, the principal
axes, the matrices in Eqs. (95)-(103) of [29], and the free
energy density fs(T, L) in Eqs. (110), (114), and (124)
of [29], for systems other than ϕ4 models. In particu-
lar, while our matrix U is precisely defined through the
principal directions e(α) of the bulk correlation function
Gb, (2.40), of the ϕ
4 theory, the d-dimensional orthog-
onal matrix R of [29] is an empty quantity that has no
analytic definition. It is claimed that the long-distance
correlations of d-dimensional anisotropic bulk systems
are described by a correlation length ellipsoid with a T -
independent orientation but no justificaton is given in
[29]. Thus we consider the results of [29] for general
anisotropic systems in d dimensions as phenomenologi-
cal conjectures. These conjectures are consistent with
multiparameter universality but violate two-scale-factor
universality. The finite-size scaling functions derived for
the d = 2 anisotropic Ising model in [29] are claimed to be
exact without justification. Their derivation is based on
the bulk correlation lengths ξi adopted from Eq. (A22)
of [23] which, for the anisotropic triangular lattice, are
only a conjecture. These correlation lengths have not
been compared with the exact results of [20] and no ex-
act analytic determination is given for the principal axes
(i.e., for the angle θ) in terms of the couplings Ki and
the lattice structure.
(iv) Critical Binder cumulant. For given geometry and
BC, two-scale-factor universality implies that U∗, (1.18),
is the same number for all systems in a given (d, n) uni-
versality class (see [14] and Sec. 10.1 in [32]). By con-
trast, a dependence of U∗ on anisotropy was discovered in
[10] and confirmed by MC data of [57] which demonstrate
a dependence of U∗ on the NNN coupling Jd. This is a
clear violation of two-scale-factor universality. An ana-
lytic prediction of the nonuniversal deviation of U∗(A¯)
from its isotropic value U∗(1) [13, 75] is in approximate
agreement with MC data for the anisotropic d = 2 Ising
model of Sec. II. E [57, 59, 74]. The agreement in the
range Jd . −J/2 was obtained in [75] by replacing the
matrix A¯3(s) of Eq. (8.19) of [13] by the matrix A¯3(r) of
Eq. (13) of [75] containing the anisotropy matrix A¯2(r),
Eq. (12) of [75], of the Ising model expressed in terms
of correlation lengths. In view of our results of Secs. II.
E and Sec. IV, however, it is reassuring that no ad hoc
substitution of a matrix of the d = 2 Ising model into a
formula of the d = 3 ϕ4 RG theory is necessary but a
coherent derivation of the anisotropy dependence of the
Binder cumulant can be given entirely within the d = 3
ϕ4 RG theory, as proposed in Sec. IV. B. Application of
(4.20) and (4.21) to the present case yields a d = 3 ϕ4
model with a NN coupling Jz = [(J + 2Jd)J ]
1/2 in the z
direction (rather than J + Jd chosen in [13]), with
A3 = 2
 J + Jd Jd 0Jd J + Jd 0
0 0 [(J + 2Jd)J ]
1/2
 ,(7.3)
A¯3(s) =
(
A¯2(s) 0
0 1
)
(7.4)
=
(
Q2(q) 0
0 1
)
≡ Q3(q), (7.5)
where the two-dimensional matrices A¯2(s) and Q2(q) are
given by (2.93) and (2.94) with s and q defined by (2.92)
and (2.90), respectively. We expect (7.3)-(7.5) to provide
a better description of the two-dimensional anisotropy in
the x-y plane than provided by A¯3(s) in Eq. (8.19) of
[13]. The application to the d = 2 Ising model is then ob-
tained, on the basis of the hypothesis of multiparameter
universality, by substituting into Q2(q), the correlation-
length ratio q → qIsing = ξ(1)Ising+ /ξ(2)Ising+ of the d = 2
Ising model. The resulting Q3(q
Ising) has the same form
as A¯3(r) in Eq. (13) of [75, 84]. The correctness of
this strategy was proven analytically for the example dis-
cussed in Sec. II. B, (2.63)-(2.67). The agreement with
the MC data [57, 59, 74, 75] supports the hypothesis of
multiparameter universality for weakly anisotropic sys-
tems predicting that the dependence of U∗ on nonuni-
versal correlation-length ratios has a universal functional
form. A verification of this hypothesis can be provided by
MC simulations for U∗ of the anisotropic d = 2 ϕ4 model
where the MC data should be analyzed in terms of the
correlation-length ratio q = ξ
(1)
0+/ξ
(2)
0+ = [(J + 2Jd)/J ]
1/2
of the ϕ4 model. The result should agree with the MC
data for U∗ of the Ising model shown in Fig. 2 of [75].
The d = 3 ϕ4 theory [13] is, of course, not capable of pre-
dicting the isotropic value of U∗ of the d = 2 Ising model.
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This implies that the latter value serves as an adjustable
parameter in the comparison with the MC data which
leads to an adjusted function for U∗ in Fig. 2 of [75].
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Appendix A: Gaussian model
We consider the Gaussian model, i.e., I (2.13), for u0 =
0, h = 0, r0 = a0t, r0c = 0 with an anisotropic inter-
action δK̂(k). Although this model is defined only for
r0 ≥ 0 and has no low-temperature phase, it plays an
important role in our finite-size ϕ4 theory. We employ
the results of Sec. II. For the transformed system with
the isotropic interaction (2.12), a unique bulk correlation
length ξ′G(t) = r
−1/2
0 = ξ
′
0Gt
−νG exists with ξ′0G = a
−νG
0 ,
νG = 1/2. The Gaussian principal correlation lengths
are denoted by ξ
(α)
G (t) = λ
1/2
α ξ′G(t) = ξ
(α)
0G t
−νG , with
ξ
(α)
0G = λ
1/2
α ξ′0G, and their geometric mean is ξ¯0G =[∏d
α=1 ξ
(α)
0G
]1/d
= (detA)1/(2d)ξ′0G. First we consider the
rectangular block geometry defined in Sec. I. The Gaus-
sian excess free energy density is
fG,ex(r0, {Lα},A) = n
2
∆(r0, {Lα},A) (A.1)
where ∆(r0, {Lα},A) is defined in (3.12). Due to the
k = 0 term of
∑
k, ∆(r0, {Lα},A) diverges for r0 → 0
at finite V . This divergence is an unphysical artifact
of the Gaussian model which comes from the absence
of the ϕ4 term. The divergent k = 0 term of ∆,
however, does not contribute to the Gaussian Casimir
force FGCas = −∂(LfG,ex)/∂L since LV −1 ln(r0a˜2) =
(
∏d−1
α=1 Lα)
−1 ln(r0a˜
2) is independent of L, thus FGCas has
a finite limit for r0 → 0 at finite V [see (A.8)]. The
calculation of ∆(r0, {Lα},A) is parallel to that in [13].
The result is given in (3.13)-(3.16) for large Lα/a˜, small
0 < r
1/2
0 a˜ ≪ 1, fixed 0 < Lαr1/20 . O(1) and finite
0 < ρα <∞. This leads to the finite-size scaling form
fG,ex(r0, {Lα},A) = L−dFG,ex(x˜G, {ρα}, A¯), (A.2)
FG,ex(x˜G, {ρα}, A¯) = (n/2)G0(x˜G, {ρα}, A¯), (A.3)
with the Gaussian scaling variable
r0L
′2 = t(L′/ξ′0G)
1/νG = t(L/ξ¯0G)
1/νG ≡ x˜G (A.4)
where L′ = L/(detA)1/(2d). The function G0 can be
decomposed as given in (3.17). This can be derived from
(3.14) by adding and subtracting (
∏d−1
α=1 ρα) ln[x/(4pi
2)]
and using the integral representation
lnw =
∫ ∞
0
dyy−1 [exp (−y)− exp (−wy)] (A.5)
with w = x/(4pi2). It is the function J0, (3.18), rather
than G0 that determines the Gaussian Casimir force
FGCas(t, {Lα},A) = L−dXG(x˜G, {ρα}, A¯), (A.6)
XG(x˜G, {ρα}, A¯) = −(n/2) ρ¯ d−1
×
{
2 +
[
x˜G
νG
∂
∂x˜G
+
d−1∑
α=1
ρα
∂
∂ρα
]
J0(x˜G, {ρα}, A¯)
}
, (A.7)
as derived from (3.17), (4.15), and (A.3). For x˜G → 0, G0
diverges logarithmically [see (3.17)]. This divergence is
canceled in XG which yields a finite Casimir amplitude
XGc ≡ XG(0, {ρα}, A¯)
= −n
2
ρ¯ d−1
{
2 +
d−1∑
α=1
ρα
∂
∂ρα
J0(0, {ρα}, A¯)
}
. (A.8)
For a slab geometry it is given by
XG(0, ρ, A¯) = −(n/2) ρd−1[2 + ρ ∂J0(0, ρ, A¯)/∂ρ] (A.9)
with J0 given by (4.32). The amplitudes (A.8) and (A.9)
divided by n differ from the exact low-temperature am-
plitudes in the large-n limit [for slab geometry see (6.13)],
unlike the amplitude for film geometry (A.23) given be-
low. For cubic geometry (ρα = 1), our function (3.18) is
related to J0(x, A¯) in Eq. (C2) of [13] by J0(x, {1}, A¯) =
J0(x, A¯). For isotropic systems in slab geometry, our
function (4.32) is related to J0 in Eq. (4.26) of [72] by
J0(x, ρ,1) = ρ1−dJ0(x, ρ) + (ρ1−d − 1) ln[x/(4pi2)].
Now we consider the∞d−1×L film geometry. The Gaus-
sian excess free energy density is for d > 1 and r0 ≥ 0
fG,exfilm (r0, L,A) = (n/2) ∆film(r0, L,A), (A.10)
with ∆film(r0, L,A) defined in I (6.5). Using (A.5), in-
terchanging the integration
∫
dy with
∑
p
∫
q
and
∫
k
and
using L−1
∑
p
∫
q
1 =
∫
k
1 = a˜−d, we rewrite ∆film as
∆film(r0, L,A) =
∫ ∞
0
dyy−1e−r0a˜
2y
[ ∫
k
exp{−δK̂(k)a˜2y}
− L−1
∑
p
∫
q
exp{−δK̂(q, p)a˜2y}
]
. (A.11)
Assuming large L/a˜, small 0 ≤ r1/20 a˜ ≪ 1 and fixed
0 ≤ Lr1/20 . O(1), we may replace δK̂ by its long -
wavelength form and let the integration and summation
limits of
∫
k
and L−1
∑
p
∫
q
go to ∞. Then we obtain
∆film =
∫ ∞
0
dyy−1e−r0a˜
2y
[ ∫ ∞
k
exp(−k ·Ak a˜2y)
−L−1
∞∑
p
exp(−Addp2a˜2y)
∫ ∞
q
exp(−Ψ(q, p) a˜2y)
]
,(A.12)
with Ψ(q, p) = q·Bq+2p q·b whereB represents the (d−
1)×(d−1) symmetric matrix which results from removing
the dth row and dth column of A =
(
B b
b¯ Add
)
. Here
b¯ and b denote the first d− 1 elements Adα = Aαd, α =
27
1, 2, ..., d − 1 of the dth row and dth column of A. We
assume detB > 0, Add > 0. Integration over q yields∫ ∞
q
exp{−Ψ(q, p) a˜2y} = (detB)−1/2(4pia˜2y)(d−1)/2
× exp(b ·B−1b p2a˜2y).(A.13)
The matrix A can be decomposed as(
B b
b¯ Add
)
=
(
B 0
b¯ 1
)(
1 B−1b
0 Add − b ·B−1b
)
(A.14)
which implies detA = (Add − b ·B−1b) detB, thus the
exponential arguments ∝ p2 can be rewritten as
p2 [−Add + b ·B−1b]a˜2y = −p2 (detA/ detB) a˜2y. (A.15)
The ratio detB/ detA is expressed in terms of the matrix
elements (A−1)dd and (A¯
−1)dd as
detB/ detA = (A−1)dd = (detA)
−1/d(A¯−1)dd. (A.16)
The Gaussian bulk integral in (A.12) yields∫ ∞
k
exp{−k ·Aka˜2y} = (detA)−1/2(4pia˜2y)−d/2. (A.17)
Substituting into (A.12) the integration variable z =
4pi2(detA/ detB)a˜2y/L2 and using (A.15)-(A.17) we fi-
nally obtain for d > 1 and r0 ≥ 0
fG,exfilm (r0, L,A) = (n/2)(detA)
−1/2L˜−d G0,film
(
r0L˜
2
)
(A.18)
where L˜ and G0,film(x) are given by (5.5), (5.14), and
I (5.28), respectively. The scaling forms are FGCas,film
= L−dXGfilm(x˜
⊥
G, A¯) and f
G,ex
film = L
−dFG,exfilm (x˜
⊥
G, A¯) with
FG,exfilm (x˜
⊥
G, A¯) = (n/2)[(A¯
−1)dd]
−d/2 G0,film
(
x˜⊥G
)
, (A.19)
XGfilm(x˜
⊥
G, A¯) = (d− 1)FG,exfilm (x˜⊥G, A¯)
− (x˜⊥G/νG) ∂FG,exfilm (x˜⊥G, A¯)/∂x˜⊥G, (A.20)
x˜⊥G = r0L˜
2 = t(L˜/ξ′0G)
1/νG = t(L/ξ⊥0G)
1/νG , (A.21)
ξ⊥0G = [(A
−1)dd]
−1/2ξ′0G, (A.22)
where ξ⊥0G is the correlation length perpendicular to the
boundaries [see (5.18)]. At Tc the Casimir amplitude is
XGfilm(0, A¯) = (d− 1) [(A¯−1)dd]−d/2 (n/2) G0,film(0).(A.23)
The scaling functions of the anisotropic film system can
be written as
FG,exfilm (x˜
⊥
G, A¯) = [(A¯
−1)dd]
−d/2FG,exfilm,iso(x˜
⊥
G) (A.24)
XGfilm(x˜
⊥
G, A¯) = [(A¯
−1)dd]
−d/2XGfilm,iso(x˜
⊥
G) (A.25)
where FG,exfilm,iso and X
G
film,iso are the scaling functions of
the isotropic film given by I (A.4), I (A.5) which here,
however, have a different scaling argument x˜⊥G that is
affected by anisotropy. Thus anisotropy changes both the
overall amplitude and the scaling argument, in structural
agreement with (6.17) and (6.18) for n→∞.
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